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6.1 Polar Coordinates

Introduction

This chapter introduces and explores the polar coordinate system, which is based on a radius and theta. Students will

learn how to plot points and basic graphs in this system as well as convert x and y coordinates into polar coordinates

and vise versa. We will explore the different graphs that can be generated in the polar system and also use polar

coordinates to better understand different aspects of complex numbers.

Learning Objectives

• Distinguish between and understand the difference between a rectangular coordinate system and a polar

coordinate system.

• Plot points with polar coordinates on a polar plane.

Plotting Polar Coordinates

The graph paper that you have used for plotting points and sketching graphs has been rectangular grid paper. All

points were plotted in a rectangular form (x,y) by referring to a perpendicular x− and y−axis. In this section you

will discover an alternative to graphing on rectangular grid paper – graphing on circular grid paper.

Look at the two options below:
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You are all familiar with the rectangular grid paper shown above. However, the circular paper lends itself to new

discoveries. The paper consists of a series of concentric circles-circles that share a common center. The common

center O, is known as the pole or origin and the polar axis is the horizontal line r that is drawn from the pole in a

positive direction. The point P that is plotted is described as a directed distance r from the pole and by the angle that

OP makes with the polar axis. The coordinates of P are (r,θ).

These coordinates are the result of assuming that the angle is rotated counterclockwise. If the angle were rotated

clockwise then the coordinates of P would be (r,−θ). These values for P are called polar coordinates and are of the

form P(r,θ) where r is the absolute value of the distance from the pole to P and θ is the angle formed by the polar

axis and the terminal arm OP.

Example 1: Plot the point A(5,−255◦) and the point B(3,60◦)

Solution, A: To plot A, move from the pole to the circle that has r = 5 and then rotate 255◦clockwise from the polar

axis and plot the point on the circle. Label it A.

Solution, B: To plot B, move from the pole to the circle that has r = 3 and then rotate 60◦counter clockwise from

the polar axis and plot the point on the circle. Label it B.
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These points that you have plotted have r values that are greater than zero. How would you plot a polar point in

which the value of r is less than zero? How could you plot these points if you did not have polar paper? If you

were asked to plot the point (−1,135◦) or
(

−1, 3π

4

)

you would rotate the terminal arm OP counterclockwise 135◦ or
3π

4
. (Remember that the angle can be expressed in either degrees or radians). To accommodate r = −1, extend the

terminal arm OP in the opposite direction the number of units equal to |r|. Label this point M or whatever letter you

choose. The point can be plotted, without polar paper, as a rotation about the pole as shown below.

The point is reflected across the pole to point M.

There are multiple representations for the coordinates of a polar point P(r,θ). If the point P has polar coordinates

(r,θ), then P can also be represented by polar coordinates (r,θ+ 360k◦) or (−r,θ+[2k+ 1]180◦) if θ is measured

in degrees or by (r,θ+ 2πk) or (−r,θ+[2k+ 1]π) if θ is measured in radians. Remember that k is any integer and
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represents the number of rotations around the pole. Unless there is a restriction placed upon θ, there will be an

infinite number of polar coordinates for P(r,θ).

Example 2: Determine four pairs of polar coordinates that represent the following point P(r,θ) such that −360◦ ≤
θ≤ 360◦.

Solution: Pair 1→ (4,120◦). Pair 2→ (4,−240◦) comes from using k =−1 and (r,θ+360◦k),(4,120◦+360(−1)).
Pair 3 → (−4,300◦) comes from using k = 0 and (−r,θ+ [2k + 1]180◦),(−4,120◦+ [2(0) + 1]180◦). Pair 4 →
(−4,−60◦) comes from using k =−1 and (−r,θ+[2k+1]180◦),(−4,120◦+[2(−1)+1]180◦).

These four pairs of polar coordinates all represent the same point P. You can apply the same procedure to determine

polar coordinates of points that have θ measured in radians. This will be an exercise for you to do at the end of the

lesson.

The Distance between Two Polar Coordinates

Just like the Distance Formula for x and y coordinates, there is a way to find the distance between two polar

coordinates. One way that we know how to find distance, or length, is the Law of Cosines, a2 = b2 + c2−2bccosA

or a =
√

b2 + c2−2bccosA. If we have two points (r1,θ1) and (r2,θ2), we can easily substitute r1 for b and r2 for

c. As for A, it needs to be the angle between the two radii, or (θ2− θ1). Finally, a is now distance and you have

d =
√

r2
1 + r2

2−2r1r2 cos(θ2−θ1).

Example 3: Find the distance between (3,60◦) and (5,145◦).

Solution: After graphing these two points, we have a triangle. Using the new Polar Distance Formula, we have

d =
√

32 +52−2(3)(5)cos85◦ ≈ 5.6.
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Example 4: Find the distance between (9,−45◦) and (−4,70◦).

Solution: This one is a little trickier than the last example because we have negatives. The first point would be

plotted in the fourth quadrant and is equivalent to (9,315◦). The second point would be (4,70◦) reflected across the

pole, or (4,250◦). Use these two values of θ for the formula. Also, the radii should always be positive when put into

the formula. That being said, the distance is d =
√

92 +42−2(9)(4)cos(315−250)◦ ≈ 8.16.

Points to Consider

• How is the polar coordinate system similar/different from the rectangular coordinate system?

• How do you plot a point on a polar coordinate grid?

• How do you determine the coordinates of a point on a polar grid?

• How do you calculate the distance between two points that have polar coordinates?

Review Questions

1. Graph each point:

a. M(2.5,210◦)
b. S

(

−3.5, 5π

6

)

c. A
(

1, 3π

4

)

d. Y
(

5.25,−π

3

)

2. For the given point A
(

−4, π

4

)

, list three different pairs of polar coordinates that represent this point such that

−2π≤ θ≤ 2π.

3. For the given point B(2,120◦), list three different pairs of polar coordinates that represent this point such that

−2π < θ < 2π.

4. Given P1 and P2, calculate the distance between the points.

a. P1(1,30◦) and P2(6,135◦)
b. P1(2,−65◦) and P2(9,85◦)
c. P1(−3,142◦) and P2(10,−88◦)
d. P1(5,−160◦) and P2(16,−335◦)
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Review Answers

1. 1.

2.

3.

4.

2.

(

−4,
π

4

)

all positive→

(

4,
5π

4

)

both negative→

(

−4,
−7π

4

)

negative angle→

(

4,
−3π

4

)
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3.

(2,120◦) negative angle only→ (2,−240◦)

negative radius only→ (−2,300◦)

both negative→ (−2,−60◦)

4. Use P1P2 =
√

r2
1 + r2

2−2r1r2 cos(θ2−θ1).

1.

P1P2 =
√

12 +62−2(1)(6)cos(135◦−30◦)

P1P2 ≈ 6.33 units

2.

P1P2 =
√

22 +92−2(2)(9)cos150◦

= 10.78

3.

P1P2 =
√

32 +102−2(3)(10)cos(322−272)◦

= 8.39

4.

P1P2 =
√

52 +162−2(5)(16)cos(200−25)◦

= 20.99
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6.2 Graphing Basic Polar Equations

Learning Objectives

• Graph polar equations.

• Graph and recognize limaçons and cardioids.

• Determine the shape of a limaçon from the polar equation.

Just as in graphing on a rectangular grid, you can also graph polar equations on a polar grid. These equations may

be simple or complex. To begin, you should try something simple like r = k or θ = k where k is a constant. The

solution for r = 1.5 is simply all ordered pairs such that r = 1.5 and θ is any real number. The same is true for the

solution of θ = 30◦. The ordered pairs will be any real number for r and θ will equal 30◦. Here are the graphs for

each of these polar equations.

Example 1: On a polar plane, graph the equation r = 1.5

Solution: The solution is all ordered pairs of (r,θ) such that r is always 1.5. This means that it doesn’t matter what

θ is, so the graph is a circle with radius 1.5 and centered at the origin.

Example 2: On a polar plane, graph the equation θ = 30◦

Solution: For this example, the r value, or radius, is arbitrary. θ must equal 30◦, so the result is a straight line, with

an angle of elevation of 30◦.
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To begin graphing more complicated polar equations, we will make a table of values for y = sinθ or in this case

r = sinθ. When the table has been completed, the graph will be drawn on a polar plane by using the coordinates

(r,θ).

Example 3: Create a table of values for r = sinθ such that 0◦ ≤ θ≤ 360◦ and plot the ordered pairs. (Note: Students

can be directed to use intervals of 30◦ or allow them to create their own tables.)

TABLE 6.1:

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

sinθ 0 0.5 0.9 1 0.9 0.5 0 -0.5 -0.9 -1 -0.9 -0.5 0

Remember that the values of sinθ are the r−values.

This is a sinusoid curve of one revolution.

We will now repeat the process for r = cosθ.

Example 4: Create a table of values for r = cosθ such that 0◦ ≤ θ≤ 360◦ and plot the ordered pairs. (Note: Students

can be directed to use intervals of 30◦ or allow them to create their own tables.)
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TABLE 6.2:

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

cosθ 1 0.9 0.5 0 -0.5 -0.9 -1 -0.9 -0.5 0 0.5 0.9 1

Remember that the values of cosθ are the r−values.

This is also a sinusoid curve of one revolution.

Notice that both graphs are circles that pass through the pole and have a diameter of one unit. These graphs can

be altered by adding a number to the function or by multiplying the function by a constant or by doing both. We

will explore the results of these alterations by first creating a table of values and then by graphing the resulting

coordinates (r,θ).

Example 5: Create a table of values for r = 2+3sinθ such that 0≤ θ≤ 2π and plot the ordered pairs. Remember

that the values of 2+3sinθ are the r−values.

TABLE 6.3:

θ 0 π

6
π

3
π

2
2π

3
5π

6
π

7π

6
4π

3
3π

2
5π

3
11π

6
2π

2 +
3sinθ

2.0 3.5 4.6 5.0 4.6 3.5 2.0 0.5 -0.6 -1.0 -0.6 0.5 2.0
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This sinusoid curve is called a limaçon. It has r = a±bsinθ or r = a±bcosθ as its polar equation. Not all limaçons

have the inner loop as a part of the shape. Some may curve to a point, have a simple indentation (known as a dimple)

or curve outward. The shape of the limaçon depends upon the ratio of a
b
where a is a constant and b is the coefficient

of the trigonometric function. In example 5, the ratio of a
b
= 2

3
which is < 1. All limaçons that meet this criterion

will have an inner loop.

Using the same format as was used in the examples above, the following limaçons were graphed. If you like, you

may create the table of values for each of these functions.

i) r = 4+3cosθ such that 0≤ θ≤ 2π

a
b
= 4

3
which is > 1 but < 2

This is an example of a dimpled limaçon.

ii) r = 4+2sinθ such that 0≤ θ≤ 2π

a
b
= 4

2
which is ≥ 2

This is an example of a convex limaçon.

Example 6: Create a table of values for r = 2+2cosθ such that 0≤ θ≤ 2π and plot the ordered pairs. Remember

that the values of 2+2cosθ are the r−values.
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TABLE 6.4:

θ 0 π

6
π

3
π

2
2π

3
5π

6
π

7π

6
4π

3
3π

2
5π

3
11π

6
2π

2 +
2cos

4.0 3.7 3.0 2.0 1.0 0.27 0 .27 1.0 2.0 3.0 3.7 4.0

This type of curve is called a cardioid. It is a special type of limaçon that has r = a+acosθ or r = a+asinθ as its

polar equation. The ratio of a
b
= 2

2
which is equal to 1.

Examples 3 and 4 were shown with θ measured in degrees while examples 5 and 6 were shown with θ measured in

radians. The results in the tables and the resulting graphs will be the same in both units.

Now that you are familiar with the limaçon and the cardioid, also called classical curves, it is time to examine the

polar pattern of the cardioid microphone. The polar pattern is modeled by the polar equation r = 2.5+2.5cosθ. The

values of a and b are equal which means that the ratio a
b
= 1. Therefore the limaçon will be a cardioid.

Create a table of values for r = 2.5+2.5cosθsuch that 0◦ ≤ θ≤ 360◦and graph the results.

TABLE 6.5:

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

2.5+
2.5cosθ

5.0 4.7 3.8 2.5 1.3 0.3 0 0.3 1.3 2.5 3.8 4.7 5.0

403



6.2. Graphing Basic Polar Equations www.ck12.org

Transformations of Polar Graphs

Equations of limaçons have two general forms:

r = a±bsinθ and r = a±bcosθ

The values of a and b will determine the shape of the graph and whether or not it passes through the origin. When

the values of a and b are equal, the graph will be a rounded heart-shape called a cardioid. The general polar equation

of a cardioid can be written as r = a(1± sinθ) and r = a(1± cosθ). Note: The general polar equation of a cardioid

can also be written as r = a(−1± sinθ) and r = a(−1± cosθ). This will be discussed later in the chapter.

Example 7: Graph the following polar equations on the same polar grid and compare the graphs.

r = 5+5sinθ r = 5−5sinθ

r = 5(1+ sinθ) r = 5(1− sinθ)

Solution:

The cardioid is symmetrical about the positive y−axis and the point of indentation is at the pole. The result of

changing + to - is a reflection in the x−axis. The cardioid is symmetrical about the negative y−axis and the point of

indentation is at the pole.
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Changing the value of a to a negative did not change the graph of the cardioid.

Example 8: What effect will changing the values of a and b have on the cardioid if a > b? We can discover the

answer to this question by plotting the graph of r = 5+3sinθ.

Solution:

The cardioid is symmetrical about the positive y−axis and the point of indentation is pulled away from the pole.

Example 9: What effect will changing the values of a and b or changing the function have on the cardioid if a < b?

We can discover the answer to this question by plotting the graph of r = 2+3sinθ.

Solution:

The cardioid is now a looped limaçon symmetrical about the positive y−axis. The loop crosses the pole.

r = 2+3cosθ

The cardioid is now a looped limaçon symmetrical about the positive x−axis. The loop crosses the pole. Changing

the function to cosine rotated the limaçon 90◦ clockwise.
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As you have seen from all of the graphs, transformations can be performed by making changes in the constants

and/or the functions of the polar equations.

Applications

In this subsection we will explore examples of real-world problems that use polar coordinates and polar equations

as their solutions.

Example 10: A local charity is sponsoring an outdoor concert to raise money for the children’s hospital. To

accommodate as many patrons as possible, they are importing bleachers so that all the fans will be seated during

the performance. The seats will be placed in an area such that −π

3
≤ θ ≤ π

3
and 0 ≤ r ≤ 4, where r is measured

in hundreds of feet. The stage will be placed at the origin (pole) and the performer will face the audience in the

direction of the polar axis (r).

a. Create a polar graph of this area.

b. If all the seats are occupied and each seat takes up 5 square feet of space, how many people will be seated in the

bleachers?

Solution: Now that the region has been graphed, the next step is to calculate the area of this sector. To do this, use

the formula A = 1
2
r2θ.
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A =
1

2
r2θ

A =
1

2
(400)2

(

2π

3

)

A≈ 167552 f t2.

167552 f t2.÷5 f t2.≈ 33510

The number of people in the bleachers is 33510.

Example 11: When Valentine’s Day arrives, hearts can be seen everywhere. As an alternative to purchasing a

greeting card, use a computer to create a heart shape. Write an equation that could be used to create this heart and

be careful to ensure that it is displayed in the correct position.

Solution: The classical curve that resembles a heart is a cordioid. You may have to experiment with the equation

to create a heart shape that is displayed in the correct direction. One example of an equation that produces a proper

heart shape is r =−2−2sinθ.

You can create other hearts by replacing the number 2 in the equation. Another equation is r =−3−3sinθ.

Example 12: For centuries, people have been making quilts. These are frequently created by sewing a uniform fabric

pattern onto designated locations on the quilt. Using the equation that models a rose curve, create three patterns that

could be used for a quilt. Write the equation for each rose and sketch its graph. Explain why the patterns have

different numbers of petals. Can you create a sample quilt?
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Solution: The rose curve is a graph of the polar equation of the form r = acosnθ or r = asinnθ. If n is odd, then

the number of petals will be equal to n. If n is even, then the number of petals will be equal to 2n.

A Sample Quilt:
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Graphing Polar Equations on the Calculator

You can use technology, the TI graphing calculator, to create these graphs. However, there are steps that must be

followed in order to graph polar equations correctly on the graphing calculator. We will go through the step by step

process to plot the polar equation r = 3cosθ.

Example 13: Graph r = 3cosθ using the TI-83 graphing calculator.

Solution: Press the MODE button. Scroll down to Func and over to highlight Pol. Also, while on this screen, make

sure that Radian is highlighted. Now youmust edit the axes for the graph. Press WINDOW 0 ENTER 2nd [π] ENTER .05 ENTER

ENTER 1 ENTER (−) 3 ENTER 3 ENTER 1 ENTER .

When you have completed these steps, the screen should look like this:

The second WINDOW shows part of the first screen since you had to scroll down to access the remaining items.

Enter the equation. Press Y = 3cosX ,T,θ,n) Press GRAPH .

Sometimes the polar equation you graph will look more like an ellipse than a circle. If this happens, press ZOOM

5 to set a square viewing window. This will make the graph appear like a circle.

Note: If you want the calculator to graph complete rose petals when n is even, you must set θmax= 2π.

Review Questions

1. Name the classical curve in each of the following diagrams and explain why you feel you’re your answer is

correct. Also, find the equation of each curve.
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a.

b.

c.

2. Graph each curve below. Comparing your answers from part one, determine if you can find a pattern for how

to find the equation of a classical curve from its graph.

a. r =−3−3cosθ

b. r = 2+4sinθ

c. r = 4

d. θ = π

2

e. r = 5+3cosθ

f. r =−6−5sinθ

3. Another classical curve we saw is called a rose and it is modeled by the function r = acosnθ or r = asinnθ

where n is any positive integer. Graph r = 4cos2θ and r = 4cos3θ. Is there a difference in the curves?

Explain.

4. Graph the roses below. Determine if you can find a pattern for how to find the equation of a rose from its

graph.

410



www.ck12.org Chapter 6. The Polar System

a. r = 3sin4θ

b. r = 2sin5θ

c. r = 3cos3θ

d. r =−4sin2θ

e. r = 5cos4θ

f. r =−2cos6θ

Review Answers

1. 1. a limaçon with an innerloop. r = 2−3sinθ

2. a cardioid r = 2+2sinθ

3. a dimpled limaçon r = 5.5+4.5sinθ

1. r =−3−3cosθ

2. r = 2+4sinθ

3. r = 4
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4. θ = π

2

5. r = 5+3cosθ

6. r =−6−5sinθ
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To determine the equation of these curves, first notice that cosine curves are along the horizontal axis and sine

curves are along the vertical axis. Second, where the curve passes through the axis on the non-dimpled side is

a in r = a+bsinθ. b is a little harder to see, but it is the average of the two intercepts where the curve crosses

the axis on the dimpled axis. If there is an inner loop, use the innermost value of the loop.

2.

TABLE 6.6:

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

4cos2θ 4 2 -2 -4 -2 2 4 2 -2 -4 -2 2 4
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TABLE 6.7:

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

4cos3θ 4 0 -4 0 4 0 -4 0 4 0 -4 0 4

In the graph of r = 4cos2θ, the rose has four petals on it but the graph of r = 4cos3θ has only three petals. It

appears, that if n is an even positive integer, the rose will have an even number of petals and if n is an odd positive

integer, the rose will have an odd number of petals.

1. r = 3sin4θ

2. r = 2sin5θ
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3. r = 3cos3θ

4. r =−4sin2θ
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5. r = 5cos4θ

6. r =−2cos6θ

For roses, the general equation is r = asinnθ or r = acosnθ. a indicates how long each petal is, and depending on

if n is even or odd indicates the number of pedals. If n is ood, there are n pedals and if n is even there are 2n pedals.
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6.3 Converting Between Systems

Learning Objectives

• Convert rectangular coordinates to polar coordinates.

• Convert equations given in rectangular form to equations in polar form and vice versa.

Polar to Rectangular

Just as x and y are usually used to designate the rectangular coordinates of a point, r and θ are usually used to

designate the polar coordinates of the point. r is the distance of the point to the origin. θ is the angle that the line

from the origin to the point makes with the positive x−axis. The diagram below shows both polar and Cartesian

coordinates applied to a point P. By applying trigonometry, we can obtain equations that will show the relationship

between polar coordinates (r,θ) and the rectangular coordinates (x,y)

The point P has the polar coordinates (r,θ) and the rectangular coordinates (x,y).

Therefore

x = r cosθ r2 = x2 + y2

y = r sinθ tanθ =
y

x

These equations, also known as coordinate conversion equations, will enable you to convert from polar to rectangular

form.

Example 1: Given the following polar coordinates, find the corresponding rectangular coordinates of the points:

W (4,−200◦),H
(

4, π

3

)

Solution:

a) For W (4,−200◦),r = 4 and θ =−200◦
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x = r cosθ y = r sinθ

x = 4cos(−200◦) y = 4sin(−200◦)

x = 4(−.9396) y = 4(.3420)

x≈−3.76 y≈ 1.37

The rectangular coordinates of W are approximately (−3.76,1.37).

b) For H
(

4, π

3

)

,r = 4 and θ = π

3

x = r cosθ y = r sinθ

x = 4cos
π

3
y = 4sin

π

3

x = 4

(

1

2

)

y = 4

( √
3

2

)

x = 2 y = 2
√

3

The rectangular coordinates of H are (2,2
√

3) or approximately (2,3.46).

In addition to writing polar coordinates in rectangular form, the coordinate conversion equations can also be used to

write polar equations in rectangular form.

Example 2: Write the polar equation r = 4cosθ in rectangular form.

Solution:

r = 4cosθ

r2 = 4r cosθ Multiply both sides by r.

x2 + y2 = 4x r2 = x2 + y2 and x = r cosθ

The equation is now in rectangular form. The r2 and θ have been replaced. However, the equation, as it appears,

does not model any shape with which we are familiar. Therefore, we must continue with the conversion.

x2−4x+ y2 = 0

x2−4x+4+ y2 = 4 Complete the square f or x2−4x.

(x−2)2 + y2 = 4 Factor x2−4x+4.

The rectangular form of the polar equation represents a circle with its centre at (2, 0) and a radius of 2 units.
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This is the graph represented by the polar equation r = 4cosθ for 0≤ θ≤ 2π or the rectangular form (x−2)2+y2 = 4.

Example 3: Write the polar equation r = 3cscθ in rectangular form.

Solution:

r = 3cscθ

r

cscθ
= 3 divide bycscθ

r ·
1

cscθ
= 3

r sinθ = 3 sinθ =
1

cscθ

y = 3 y = r sinθ

Rectangular to Polar

When converting rectangular coordinates to polar coordinates, we must remember that there are many possible polar

coordinates. We will agree that when converting from rectangular coordinates to polar coordinates, one set of polar

coordinates will be sufficient for each set of rectangular coordinates. Most graphing calculators are programmed

to complete the conversions and they too provide one set of coordinates for each conversion. The conversion of

rectangular coordinates to polar coordinates is done using the Pythagorean Theorem and the Arctangent function.

The Arctangent function only calculates angles in the first and fourth quadrants so π radians must be added to the

value of θ for all points with rectangular coordinates in the second and third quadrants.
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In addition to these formulas, r =
√

x2 + y2 is also used in converting rectangular coordinates to polar form.

Example 4: Convert the following rectangular coordinates to polar form.

P(3,−5) and Q(−9,−12)

Solution: For P(3,−5) x = 3 and y =−5. The point is located in the fourth quadrant and x > 0.

r =
√

x2 + y2 θ = Arc tan
y

x

r =
√

(3)2 +(−5)2 θ = tan−1

(

−
5

3

)

r =
√

34 θ≈−1.03

r ≈ 5.83

The polar coordinates of P(3,−5) are P(5.83,−1.03).

For Q(−9,−12) x =−9 and y =−5. The point is located in the third quadrant and x < 0.

r =
√

x2 + y2 θ = Arc tan
y

x
+π

r =
√

(−9)2 +(−12)2 θ = tan−1

(

−12

−9

)

+π

r =
√

225 θ≈ 4.07

r = 15

The polar coordinates of Q(−9,−12) are Q(15,4.07)

Converting Equations

To write a rectangular equation in polar form, the conversion equations of x = r cosθ and y = r sinθ are used.

Example 5: Write the rectangular equation x2 + y2 = 2x in polar form.

Solution: Remember r =
√

x2 + y2,r2 = x2 + y2 and x = r cosθ.
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x2 + y2 = 2x

r2 = 2(r cosθ) Pythagorean T heorem and x = r cosθ

r2 = 2r cosθ

r = 2cosθ Divide each side by r

Example 6: Write the rectangular equation (x−2)2 + y2 = 4 in polar form.

Solution: Remember x = r cosθ and y = r sinθ.

(x−2)2 + y2 = 4

(r cosθ−2)2 +(r sinθ)2 = 4 x = r cosθ and y = r sinθ

amp;r2 cos2
θ−4r cosθ+4+ r2 sin2

θ = 4 expand the terms

amp;r2 cos2
θ−4r cosθ+ r2 sin2

θ = 0 subtract 4 f rom each side

amp;r2 cos2
θ+ r2 sin2

θ = 4r cosθ isolate the squared terms

amp;r2(cos2
θ+ sin2

θ) = 4r cosθ f actor r2−a common f actor

amp;r2 = 4r cosθ Pythagorean Identity

amp;r = 4cosθ Divide each side by r

If the graph of the polar equation is the same as the graph of the rectangular equation, then the conversion has been

determined correctly.

(x−2)2 + y2 = 4
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The rectangular equation (x− 2)2 + y2 = 4 represents a circle with center (2, 0) and a radius of 2 units. The polar

equation r = 4cosθ is a circle with center (2, 0) and a radius of 2 units.

Converting Using the Graphing Calculator

You have learned how to convert back and forth between polar coordinates and rectangular coordinates by using

the various formulae presented in this lesson. The TI graphing calculator allows you to use the angle function to

convert coordinates quickly from one form to the other. The calculator will provide you with only one pair of polar

coordinates for each pair of rectangular coordinates.

Example 7: Express the rectangular coordinates of A(−3,7) as polar coordinates.

Polar coordinates are expressed in the form (r,θ). An angle can be measured in either degrees or radians, and the

calculator will express the result in the form selected in the MODE menu of the calculator.

Press MODE and cursor down to Radian Degree. Highlight Degree. Press 2nd mode to return to home screen.

To access the angle menu of the calculator press 2nd APPS and this screen will appear:

Cursor down to 5 and press ENTER . The following screen will appear
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. Press -3, 7) ENTER and the value of r will appear

. Access the angle menu again by pressing 2nd APPS . When the angle menu screen appears, cursor down to 6

and pres ENTER or press 6 on the calculator. The screen

will appear. Press -3, 7) ENTER and the value of θ will appear.

This procedure can be repeated to determine the rectangular coordinates in radians. Before starting, press MODE

and cursor down to Radian Degree and highlight Radian.

Example 8: Express the polar coordinates of (300,70◦) in rectangular form.

The angle θ is given in degrees so the mode menu of the calculator should also be set in degree. Therefore, press

MODE and cursor down to Radian Degree and highlight degree. Press 2nd mode to return to home screen. To

access the angle menu of the calculator press 2nd APPS and this screen will appear:

Cursor down to 7 and press ENTER or press 7 on the calculator. The following screen will screen will appear:

Press 300, 70) and the value of x will appear

Access the angle menu again by pressing 2nd APPS . When the angle menu screen appears, cursor down to 8 and

pres ENTER or press 8 on the calculator. The screen
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will appear. Press 300,70) ENTER and the value of y will appear

.

Points to Consider

• When we convert coordinates from polar form to rectangular form, the process is very straightforward.

However, when converting a coordinate from rectangular form to polar form there are some choices to make.

For example the point 0,1 could translate to (1,2π) or to (1,−4π), and so on.

• Are there any advantages to using polar coordinates instead of rectangular coordinates? List any situations in

which this is the case. What types of curves are easier to draw with polar coordinates?

• List situations in which rectangular coordinates are preferable.

Review Questions

1. For the following polar coordinates that are shown on the graph, determine the rectangular coordinates for

each point.

2. Write the following polar equations in rectangular form.

a. r = 6cosθ

b. r sinθ =−3

c. r = 2sinθ

d. r sin2
θ = 3cosθ

3. Write the following rectangular points in polar form.

a. A(−2,5) using radians

b. B(5,−4) using radians

c. C(1,9) using degrees
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d. D(−12,−5) using degrees

4. Write the rectangular equations in polar form.

a. (x−4)2 +(y−3)2 = 25

b. 3x−2y = 1

c. x2 + y2−4x+2y = 0

d. x3 = 4y2

Review Answers

1. For A,r =−4 and θ = 5π

4

x = r cosθ y = r sinθ

x =−4cos
5π

4
y =−4sin

5π

4

x =−4

(

−

√
2

2

)

y =−4

(

−

√
2

2

)

x = 2
√

2 y = 2
√

2

For B,r =−3 and θ = 135◦

x = r cosθ y = r sinθ

x =−3cos135◦ y =−3sin135◦

x =−3−

√
2

2
y =−3

√
2

2

x =
3
√

2

2
y =

−3
√

2

2

For C, r = 5 and θ =
(

2π

3

)

x = r cosθ y = r sinθ

x = 5cos
2π

3
y = 5sin

2π

3

x = 5

(

−
1

2

)

y = 5

( √
3

2

)

x =−2.5 y =
5
√

3

2

1.

r = 6cosθ

r2 = 6r cosθ

x2 + y2 = 6x

x2−6x+ y2 = 0

x2−6x+9+ y2 = 9

(x−3)2 + y2 = 9
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2.

r sinθ =−3

y =−3

3.

r = 2sinθ

r2 = 2r sinθ

x2 + y2 = 2y

y2−2y =−x2

y2−2y+1 =−x2 +1

(y−1)2 =−x2 +1

x2 +(y−1)2 = 1

4.

r sin2
θ = 3cosθ

r2 sin2
θ = 3r cosθ

y2 = 3x

2. a. For A(−2,5)x =−2 and y = 5. The point is located in the second quadrant and x < 0.

r =
√

(−2)2 +(5)2 =
√

29≈ 5.39, θ = Arc tan
5

−2
+π = 1.95.

The polar coordinates for the rectangular coordinates A(−2,5) are A(5.39,1.95) b. For B(5,−4)x = 5 and

y =−4. The point is located in the fourth quadrant and x > 0.

r =
√

(5)2 +(−4)2 =
√

41≈ 6.4, θ = tan−1

(

−4

5

)

≈−0.67

The polar coordinates for the rectangular coordinates B(5,−4) are A(6.40,−0.67) c. C(1,9) is located in the

first quadrant.

r =
√

12 +92 =
√

82≈ 9.06, θ = tan−1 9

1
≈ 83.66◦.

d. D(−12,−5) is located in the third quadrant and x < 0.

r =
√

(−12)2 +(−5)2 =
√

169 = 13, θ = tan−1 5

12
+180◦ ≈ 202.6◦.

1.

(x−4)2 +(y−3)2 = 25

x2−8x+16+ y2−6y+9 = 25

x2−8x+ y2−6y+25 = 25

x2−8x+ y2−6y = 0

x2 + y2−8x−6y = 0 From graphing r−8cosθ−6sinθ = 0, we see that the

r2−8(r cosθ)−6(r sinθ) = 0 additional solutions are 0 and 8.

r2−8r cosθ−6r sinθ = 0

r(r−8cosθ−6sinθ) = 0

r = 0 or r−8cosθ−6sinθ = 0

r = 0 or r = 8cosθ+6sinθ
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2.

3x−2y = 1

3r cosθ−2r sinθ = 1

r(3cosθ−2sinθ) = 1

r =
1

3cosθ−2sinθ

3.

x2 + y2−4x+2y = 0

r2 cos2
θ+ r2 sin2

θ−4r cosθ+2r sinθ = 0

r2(sin2
θ+ cos2

θ)−4r cosθ+2r sinθ = 0

r(r−4cosθ+2sinθ) = 0

r = 0 or r−4cosθ+2sinθ = 0

r = 0 or r = 4cosθ−2sinθ

4.

x3 = 4y2

(r cosθ)3 = 4(r sinθ)2

r3 cos3
θ = 4r2 sin2

θ

4r2 sin2
θ

r3 cos3 θ
= 1

4tan2
θsecθ

r
= 1

4tan2
θsecθ = r
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