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2.1 Radian Measure

Introduction

Now that we know how to find the sine, cosine and tangent of any angle, we can extend this concept to the x− y

plane. First, we need to derive a different way to measure angles, called radians. Radians are much like arc length.

This way, we can take the “length” of a degree measurement and plot it like x. Then, the value of the function is the

y value on the graph. In this manner we will be able to see the six trigonometric functions in a whole new way.

Learning Objectives

• Define radian measure.

• Convert angle measure from degrees to radians and radians to degrees.

• Calculate the values of the 6 trigonometric functions for special angles in terms of radians or degrees.

Understanding Radian Measure

Until now, we have used degrees to measure angles. But, what exactly is a degree? A degree is 1
360th of a complete

rotation around a circle. Radians are alternate units used to measure angles in trigonometry. Just as it sounds, a

radian is based on the radius of a circle. One radian (abbreviated rad) is the angle created by bending the radius

length around the arc of a circle. Because a radian is based on an actual part of the circle rather than an arbitrary

division, it is a much more natural unit of angle measure for upper level mathematics.
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What if we were to rotate all the way around the circle? Continuing to add radius lengths, we find that it takes a little

more than 6 of them to complete the rotation.

Recall from geometry that the arc length of a complete rotation is the circumference, where the formula is equal

to 2π times the length of the radius. 2π is approximately 6.28, so the circumference is a little more than 6 radius

lengths. Or, in terms of radian measure, a complete rotation (360 degrees) is 2π radians.

360 degrees = 2π radians

With this as our starting point, we can find the radian measure of other angles. Half of a rotation, or 180 degrees,

must therefore be π radians, and 90 degrees must be 1
2
π, written π

2
.

Example 1: Find the radian measure of these angles.

TABLE 2.1:

Angle in Degrees Angle in Radians

90 π

2

45

30

60

75

Solution: Because 45 is half of 90, half of 1
2
π is 1

4
π. 30 is one-third of a right angle, so multiplying gives:

π

2
×

1

3
=

π

6

and because 60 is twice as large as 30:

2×
π

6
=

2π

6
=

π

3
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Here is the completed table:
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TABLE 2.2:

Angle in Degrees Angle in Radians

90 π

2

45 π

4

30 π

6

60 π

3

There is a formula to convert between radians and degrees that you may already have discovered while doing this

example. However, many angles that are commonly used can be found easily from the values in this table. For

example, most students find it easy to remember 30 and 60. 30 is π over 6 and 60 is π over 3. Knowing these angles,

you can find any of the special angles that have reference angles of 30 and 60 because they will all have the same

denominators. The same is true of multiples of π

4
(45 degrees) and π

2
(90 degrees).

Critial Angles in Radians

Extending the radian measure past the first quadrant, the quadrantal angles have been determined, except 270◦.

Because 270◦ is halfway between 180◦, π, and 360◦, 2π, it must be 1.5π, usually written 3π

2
.

For the 45◦ angles, the radians are all multiples of π

4
. For example, 135◦ is 3 · 45◦. Therefore, the radian measure

should be 3 · π

4
, or 3π

4
. Here are the rest of the multiples of 45◦, in radians:
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Notice that the additional angles in the drawing all have reference angles of 45 degrees and their radian measures are

all multiples of π

4
. All of the even multiples are the quadrantal angles and are reduced, just like any other fraction.

Example 2: Complete the following radian measures by counting in multiples of π

3
and π

6
:

Solution:
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Notice that all of the angles with 60-degree reference angles are multiples of π

3
, and all of those with 30-degree

reference angles are multiples of π

6
. Counting in these terms based on this pattern, rather than converting back to

degrees, will help you better understand radians.

Converting Any Degree to Radians

For all examples there is a conversion formula. This formula works for all degrees and radians. Remember that:

π radians = 180◦. If you divide both sides of this equation by π, you will have the conversion formula:

radians×
180

π
= degrees

If we have a degree measure and wish to convert it to radians, then manipulating the equation above gives:

degrees×
π

180
= radians

Example 3: Convert 11π

3
to degree measure.

From the last section, you should recognize that this angle is a multiple of π

3
(or 60 degrees), so there are 11, π

3
’s in

this angle, π

3
×11 = 60◦×11 = 660◦.

Here is what it would look like using the formula:

radians× 180
π

= degrees
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Example 4: Convert −120◦ to radian measure. Leave the answer in terms of π.

degrees×
π

180
= radians

−120◦×
π

180
=
−120◦π

180

and reducing to lowest terms gives us −2π

3

You could also have noticed that 120 is 2× 60. Since 60◦ is π

3
radians, then 120 is 2, π

3
’s, or 2π

3
. Make it negative

and you have the answer, −2π

3
.

Example 5: Express 11π

12
radians terms of degrees.

radians× 180
π

= degrees

Note: Sometimes students have trouble remembering if it is 180
π

or π

180
. It might be helpful to remember that radian

measure is almost always expressed in terms of π. If you want to convert from radians to degrees, you want the π to

cancel out when you multiply, so it must be in the denominator.

The Six Trig Functions and Radians

Eventhough you are used to performing the trig functions on degrees, they still will work on radians. The only

difference is the way the problem looks. If you see sin π

6
, that is still sin30◦ and the answer is still 1

2
.

Example 6: Find tan 3π

4
.

Solution: If needed, convert 3π

4
to degrees. Doing this, we find that it is 135◦. So, this is tan135◦, which is -1.

Example 7: Find the value of cos 11π

6
.

Solution: If needed, convert 11π

6
to degrees. Doing this, we find that it is 330◦. So, this is cos330◦, which is

√
3

2
.

Example 8: Convert 1 radian to degree measure.

Solution: Many students get so used to using π in radian measure that they incorrectly think that 1 radian means 1π

radians. While it is more convenient and common to express radian measure in terms of π, don’t lose sight of the

fact that π radians is a number. It specifies an angle created by a rotation of approximately 3.14 radius lengths. So 1

radian is a rotation created by an arc that is only a single radius in length.

radians×
180

π
= degrees

So 1 radian would be 180
π

degrees. Using any scientific or graphing calculator will give a reasonable approximation

for this degree measure, approximately 57.3◦.

Example 9: Find the radian measure of an acute angle, θ, with sinθ =

√
2

2
.

Solution: Here, we are working backwards. From last chapter, you may recognize that

√
2

2
goes with 45◦. Because

the example is asking for an acute angle, we just need to convert 45◦ to radians. 45◦ in radians is π

4
.
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Check the Mode

Most scientific and graphing calculators have a MODE setting that will allow you to either convert between the two,

or to find approximations for trig functions using either measure. It is important that if you are using your calculator

to estimate a trig function that you know which mode you are using. Look at the following screen:

If you entered this expecting to find the sine of 30 degrees you would realize based on the last chapter that something

is wrong because it should be 1
2
. In fact, as you may have suspected, the calculator is interpreting this as 30 radians.

In this case, changing the mode to degrees and recalculating will give the expected result.

Scientific calculators will usually have a 3-letter display that shows either DEG or RAD to tell you which mode the

calculator is in.

Points to Consider

• In certain cases, why are radians more useful than degrees?

• Think about the steps you would take to solve sin 11π

6
. Are these step similar for finding any trig function for

any angle in radians?
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Review Questions

1. The following picture is a sign for a store that sells cheese.

FIGURE 2.1

(a) Estimate the degree measure of the angle of the circle that is missing. (b) Convert that measure to radians.

(c) What is the radian measure of the part of the cheese that remains?

2. Convert the following degree measures to radians. All answers should be in terms of π.

a. 240◦

b. 270◦

c. 315◦

d. −210◦

e. 120◦

f. 15◦

g. −450◦

h. 72◦

i. 720◦

j. 330◦

3. Convert the following radian measures to degrees:

a. π

2

b. 11π

5

c. 2π

3

d. 5π

e. 7π

2

f. 3π

10

g. 5π

12

h. − 13π

6
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i. 8
π

j. 4π

15

4. The drawing shows all the quadrant angles as well as those with reference angles of 30◦, 45◦, and 60◦. On the

inner circle, label all angles with their radian measure in terms of π and on the outer circle, label all the angles

with their degree measure.

5. Using a calculator, find the approximate degree measure (to the nearest tenth) of each angle expressed in

radians.

a. 6π

7

b. 1 radian

c. 3 radian

d. 20π

11

6. Gina wanted to calculate the sin210◦ and got the following answer on her calculator:

Fortunately, Kylie saw her answer and told her that it was obviously incorrect.

a. Write the correct answer, in simplest radical form.

b. Explain what she did wrong.
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7. Complete the following chart. Write your answers in simplest radical form.
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TABLE 2.3:

x Sin(x) Cos(x) Tan(x)
5π

4
11π

6
2π

3
π

2
7π

2

Review Answers

1. 1. Answer may vary, but 120◦ seems reasonable.

2. Based on the answer in part a., the ration masure would be 2π

3

3. Again, based on part a., 4π

3

1. 4π

3

2. 3π

2

3. 7π

4

4. − 7π

6

5. 2π

3

6. π

12

7. − 5π

2

8. π

5

9. 4π

10. 11π

6

1. 90◦

2. 396◦

3. 120◦

4. 540◦

5. 630◦

6. 54◦

7. 75◦

8. −210◦

9. 1440◦

10. 48◦
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2.

1. 154.3◦

2. 57.3◦

3. 171.9◦

4. 327.3◦

1. The correct answer is − 1
2

2. Her calculator was is the wrong mode and she calculated the sine of 210 radians.

3.

TABLE 2.4:

x Sin(x) Cos(x) Tan(x)

5π

4
−

√
2

2
−

√
2

2
1

11π

6
−1

2

√
3

2
−

√
3

3

2π

3

√
3

2
−1

2
−
√

3
π

2
1 0 undefined

7π

2
−1 0 undefined
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2.2 Applications of Radian Measure

Learning Objectives

• Solve problems involving angles of rotation using radian measure.

• Calculate the length of an arc and the area of a sector.

• Approximate the length of a chord given the central angle and radius.

• Solve problems about angular speed.

Rotations

Example 1: The hands of a clock show 11:20. Express the obtuse angle formed by the hour and minute hands in

radian measure.

Solution: The following diagram shows the location of the hands at the specified time.

Because there are 12 increments on a clock, the angle between each hour marking on the clock is 2π

12
= π

6
(or 30◦).

So, the angle between the 12 and the 4 is 4× π

6
= 2π

3
(or 120◦). Because the rotation from 12 to 4 is one-third of a

complete rotation, it seems reasonable to assume that the hour hand is moving continuously and has therefore moved

one-third of the distance between the 11 and the 12. This means that the angle between the hour hand and the 12

is two-thirds of the distance between the 11 and the 12. So, 2
3
× π

6
= 2π

18
= π

9
, and the total measure of the angle is

therefore π

9
+ 2π

3
= π

9
+ 6π

9
= 7π

9
.

Length of Arc

The length of an arc on a circle depends on both the angle of rotation and the radius length of the circle. If you recall

from the last lesson, the measure of an angle in radians is defined as the length of the arc cut off by one radius length.

What if the radius is 4 cm? Then, the length of the half-circle arc would be π multiplied by the radius length, or 4π

cm in length.
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This results in a formula that can be used to calculate the length of any arc.

s = rθ,

where s is the length of the arc, r is the radius, and θ is the measure of the angle in radians.

Solving this equation for θ will give us a formula for finding the radian measure given the arc length and the radius

length:

θ =
s

r

Example 2: The free-throw line on an NCAA basketball court is 12 ft wide. In international competition, it is only

about 11.81 ft. How much longer is the half circle above the free-throw line on the NCAA court?

Solution: Find both arc lengths.

NCAA INTERNATIONAL

s1 = rθ s2 = rθ

s1 =
12

2
(π) s2 ≈

11.81

2
(π)

s1 = 6π s2 ≈ 5.905π

So the answer is approximately 6π−5.905π≈ 0.095π
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This is approximately 0.3 ft, or about 3.6 inches longer.

Example 3: Two connected gears are rotating. The smaller gear has a radius of 4 inches and the larger gear’s radius

is 7 inches. What is the angle through which the larger gear has rotated when the smaller gear has made one complete

rotation?

Solution: Because the blue gear performs one complete rotation, the length of the arc traveled is:

s = rθ

s = 4×2π

So, an 8π arc length on the larger circle would form an angle as follows:

θ =
s

r

θ =
8π

7

θ≈ 3.6

So the angle is approximately 3.6 radians.

3.6×
180

π
≈ 206◦
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Area of a Sector

One of the most common geometric formulas is the area of a circle:

A = πr2

In terms of angle rotation, this is the area created by 2π radians.

2π rad= πr2 area

A half-circle, or π radian rotation would create a section, or sector of the circle equal to half the area or:

1

2
πr2

So an angle of 1 radian would define an area of a sector equal to:

1= 1
2
r2

From this we can determine the area of the sector created by any angle, θ radians, to be:

A =
1

2
r2θ

Example 4: Crops are often grown using a technique called center pivot irrigation that results in circular shaped

fields.

Here is a satellite image taken over fields in Kansas that use this type of irrigation system.

If the irrigation pipe is 450 m in length, what is the area that can be irrigated after a rotation of 2π

3
radians?
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FIGURE 2.2

FIGURE 2.3

Solution: Using the formula:

A =
1

2
r2θ

A =
1

2
(450)2

(

2π

3

)
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The area is approximately 212,058 square meters.

Length of a Chord

You may recall from your Geometry studies that a chord is a segment that begins and ends on a circle.

AB is a chord in the circle.

We can calculate the length of any chord if we know the angle measure and the length of the radius. Because each

endpoint of the chord is on the circle, the distance from the center to A and B is the same as the radius length.

Next, if we bisect the angle, the angle bisector must be perpendicular to the chord and bisect it (we will leave the

proof of this to your Geometry class). This forms a right triangle.
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We can now use a simple sine ratio to find half the chord, called c here, and double the result to find the length of

the chord.

sin
θ

2
=

c

r

c = r× sin
θ

2

So the length of the chord is:

2c = 2r sin
θ

2

Example 5: Find the length of the chord of a circle with radius 8 cm and a central angle of 110◦. Approximate your

answer to the nearest mm.

Solution: We must first convert the angle measure to radians:

110×
π

180
=

11π

18

Using the formula, half of the chord length should be the radius of the circle times the sine of half the angle.

11π

18
×

1

2
=

11π

36

8× sin
11π

36

Multiply this result by 2.
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So, the length of the arc is approximately 13.1 cm.

Angular Velocity

What about objects that are traveling on a circular path? Do you remember playing on a merry-go-round when you

were younger?

FIGURE 2.4

If two people are riding on the outer edge, their velocities should be the same. But, what if one person is close to the

center and the other person is on the edge? They are on the same object, but their speed is actually not the same.

Look at the following drawing.
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Imagine the point on the larger circle is the person on the edge of the merry-go-round and the point on the smaller

circle is the person towards the middle. If the merry-go-round spins exactly once, then both individuals will also

make one complete revolution in the same amount of time.

However, it is obvious that the person in the center did not travel nearly as far. The circumference (and of course the

radius) of that circle is much smaller and therefore the person who traveled a greater distance in the same amount

of time is actually traveling faster, even though they are on the same object. So the person on the edge has a greater

linear velocity (recall that linear velocity is found using distance= rate · time). If you have ever actually ridden on a

merry-go-round, you know this already because it is much more fun to be on the edge than in the center! But, there

is something about the two individuals traveling around that is the same. They will both cover the same rotation in

the same period of time. This type of speed, measuring the angle of rotation over a given amount of time is called

the angular velocity.

The formula for angular velocity is:

ω =
θ

t

ω is the last letter in the Greek alphabet, omega, and is commonly used as the symbol for angular velocity. θ is the

angle of rotation expressed in radian measure, and t is the time to complete the rotation.

In this drawing, θ is exactly one radian, or the length of the radius bent around the circle. If it took point A exactly 2

seconds to rotate through the angle, the angular velocity of A would be:

ω =
θ

t

ω =
1

2
radians per second

In order to know the linear speed of the particle, we would have to know the actual distance, that is, the length of

the radius. Let’s say that the radius is 5 cm.

If linear velocity is v = d
t
then, v = 5

2
or 2.5 cm per second.

If the angle were not exactly 1 radian, then the distance traveled by the point on the circle is the length of the arc,

s = rθ, or, the radius length times the measure of the angle in radians.

Substituting into the formula for linear velocity gives: v = rθ

t
or v = r · θ

t
.

Look back at the formula for angular velocity. Substituting ω gives the following relationship between linear and

angular velocity, v = rω. So, the linear velocity is equal to the radius times the angular velocity.

Remember in a unit circle, the radius is 1 unit, so in this case the linear velocity is the same as the angular velocity.
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v = rω

v = 1×ω

v = ω

Here, the distance traveled around the circle is the same for a given unit of time as the angle of rotation, measured

in radians.

Example 6: Lindsay and Megan are riding on a Merry-go-round. Megan is standing 2.5 feet from the center and

Lindsay is riding on the outside edge 7 feet from the center. It takes them 6 seconds to complete a rotation. Calculate

the linear and angular velocity of each girl.

Solution: We are told that it takes 6 seconds to complete a rotation. A complete rotation is the same as 2π radians.

So the angular velocity is:

ω = θ

t
= 2π

6
= π

3
radians per second, which is slightly more than 1 (about 1.05), radian per second. Because both

girls cover the same angle of rotation in the same amount of time, their angular speed is the same. In this case they

rotate through approximately 60 degrees of the circle every second.

As we discussed previously, their linear velocities are different. Using the formula, Megan’s linear velocity is:

v = rω = (2.5)
(

π

3

)

≈ 2.6 ft per sec

Lindsay’s linear velocity is:

v = rω = (7)
(

π

3

)

≈ 7.3 ft per sec

Points to Consider

• What is the difference between finding arc length and the area of a sector?

• What is the difference between linear velocity and angular velocity?

• How are linear and angular velocity related?
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Review Questions

1. The following image shows a 24-hour clock in Curitiba, Paraná, Brasil.

FIGURE 2.5

a. What is the angle between each number of the clock expressed in:

a. exact radian measure in terms of π ?

b. to the nearest tenth of a radian?

c. in degree measure?

b. Estimate the measure of the angle between the hands at the time shown in:

a. to the nearest whole degree

b. in radian measure in terms of π

2. The following picture is a window of a building on the campus of Princeton University in Princeton, New

Jersey.

(a) What is the exact radian measure in terms of π between two consecutive circular dots on the small circle

in the center of the window?

(b) If the radius of this circle is about 0.5 m, what is the length of the arc between the centers of each

consecutive dot? Round your answer to the nearest cm.
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FIGURE 2.6

3. Now look at the next larger circle in the window.

a. Find the exact radian measure in terms of π between two consecutive dots in this window.

b. The radius of the glass portion of this window is approximately 1.20 m. Calculate an estimate of the

length of the highlighted chord to the nearest cm. Explain the reasoning behind your solution.
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4. The state championship game is to be held at Ray Diaz Memorial Arena. The seating forms a perfect circle

around the court. The principal of Archimedes High School is sent the following diagram showing the seating

allotted to the students at her school.

It is 55 ft from the center of the court to the beginning of the stands and 110 ft from the center to the end.

Calculate the approximate number of square feet each of the following groups has been granted:

a. the students from Archimedes.

b. general admission.

c. the press and officials.

5. Doris and Lois go for a ride on a carousel. Doris rides on one of the outside horses and Lois rides on one of

the smaller horses near the center. Lois’ horse is 3 m from the center of the carousel, and Doris’ horse is 7

m farther away from the center than Lois’. When the carousel starts, it takes them 12 seconds to complete a

rotation.

a. Calculate the linear velocity of each girl.

b. Calculate the angular velocity of the horses on the carousel.

6. The Large Hadron Collider near Geneva, Switerland began operation in 2008 and is designed to perform

experiments that physicists hope will provide important information about the underlying structure of the

universe. The LHC is circular with a circumference of approximately 27,000 m. Protons will be accelerated

to a speed that is very close to the speed of light (≈ 3×108 meters per second).

a. How long does it take a proton to make a complete rotation around the collider?

b. What is the approximate (to the nearest meter per second) angular speed of a proton traveling around the

collider?

c. Approximately how many times would a proton travel around the collider in one full second?

108



www.ck12.org Chapter 2. Graphing Trigonometric Functions

Review Answers

1. a. π

12

b. ≈ 0.3 radians

c. 15◦

a. 20◦. Answers may vary, anything above 15◦ and less than 25◦ is reasonable.

b. π

9
Again, answers may vary

1. π

6

2. ≈ 26 cm

1. π

6

2. Let’s assume, to simplify, that the chord stretches to the center of each of the dots. We need to find the

measure of the central angle of the circle that connects those two dots.

Since there are 13 dots, this angle is 13π

16
. The length of the chord then is:

= 2r sin
θ

2

= 2×1.2× sin(
1

2
×

13π

16
)

The chord is approximately 2.30 m, or 230 cm.

2. Each section is π

6
radians. The area of one section of the stands is therefore the area of the outer sector minus

the area of the inner sector:

A = Aouter−Ainner

A =
1

2
(router)

2×
π

6
−

1

2
(rinner)

2×
π

6

A =
1

2
(110)2×

π

6
−

1

2
(55)2×

π

6

The area of each section is approximately 2376 f t2.

1. The students have 4 sections or ≈ 9503 f t2

2. There are 3 general admission sections or ≈ 7127 f t2

3. There is only one press and officials section or ≈ 2376 f t2

3. It is actually easier to calculate the angular velocity first. ω= 2π

12
= π

6
, so the angular velocity is π

6
rad, or 0.524.

Because the linear velocity depends on the radius,each girl has her own. Lois: v= rω= 3 · π

6
= π

2
or 1.57 m/sec

Doris: v = rω = 10 · π

6
= 5π

3
or 5.24 m/sec

1. v = d
t
→ 3×108 = 27,000

t
→ t = 2.7×104

3×108
= 0.9×10−4 = 9×10−5 or 0.00009 seconds.
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2. ω = θ

t
= 2π

0.00009
≈ 69,813 rad/sec

3. The proton rotates around once in 0.00009 seconds. So, in one second it will rotate around the LHC

1÷0.00009= 11,111.11 times, or just over 11,111 rotations.
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2.3 Circular Functions of Real Numbers

Learning Objectives

• Graph the six trigonometric ratios as functions on the Cartesian plane.

• Identify the domain and range of these six trigonometric functions.

• Identify the radian and degree measure, as well as the coordinates of points on the unit circle and graph for

the critical angles.

The Sine Graph

By now, you have become very familiar with the specific values of sine, cosine, and tangents for certain angles of

rotation around the coordinate grid. In mathematics, we can often learn a lot by looking at how one quantity changes

as we consistently vary another. We will be looking at the sine value as a function of the angle of rotation around

the coordinate plane. We refer to any such function as a circular function, because they can be defined using the

unit circle. Recall from earlier sections that the sine of an angle in standard position is the ratio of
y
r
, where y is the

y−coordinate of any point on the circle and r is the distance from the origin to that point.

Because the ratios are the same for a given angle, regardless of the length of the radius r, we can use the unit circle

as a basis for all calculations.
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The denominator is now 1, so we have the simpler expression, sinx = y. The advantage to this is that we can use the

y−coordinate of the point on the unit circle to trace the value of sinθ through a complete rotation. Imagine if we

start at 0 and then rotate counter-clockwise through gradually increasing angles. Since the y−coordinate is the sine

value, watch the height of the point as you rotate.

Through Quadrant I that height gets larger, starting at 0, increasing quickly at first, then slower until the angle reaches

90◦, at which point, the height is at its maximum value, 1.
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As you rotate into the second quadrant, the height starts to decrease towards zero.
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When you start to rotate into the third and fourth quadrants, the length of the segment increases, but this time in a

negative direction, growing to -1 at 270◦ and heading back toward 0 at 360◦.

After one complete rotation, even though the angle continues to increase, the sine values will repeat themselves. The

same would have been true if we chose to rotate clockwise to investigate negative angles, and this is why the sine

function is a periodic function. The period is 2π because that is the angle measure before the sine of the angle will

repeat its values.

Let’s translate this circular motion into a graph of the sine value vs. the angle of rotation. The following sequence

of pictures demonstrates the connection. These pictures plot (θ,sinθ) on the coordinate plane as (x,y).
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After we rotate around the circle once, the values start repeating. Therefore, the sine curve, or “wave,” also continues

to repeat. The easiest way to sketch a sine curve is to plot the points for the quadrant angles. The value of sinθ goes

from 0 to 1 to 0 to -1 and back to 0. Graphed along a horizontal axis, it would look like this:

Filling in the gaps in between and allowing for multiple rotations as well as negative angles results in the graph of

y = sinx where x is any angle of rotation, in radians.

As we have already mentioned, sinx has a period of 2π. You should also note that the y−values never go above 1 or

below -1, so the range of a sine curve is {−1≤ y≤ 1}. Because angles can be any value and will continue to rotate

around the circle infinitely, there is no restriction on the angle x, so the domain of sinx is all reals.

The Cosine Graph

In chapter 1, you learned that sine and cosine are very closely related. The cosine of an angle is the same as the sine

of its complementary angle. So, it should not be a surprise that sine and cosine waves are very similar in that they

are both periodic with a period of 2π, a range from -1 to 1, and a domain of all real angles.

The cosine of an angle is the ratio of x
r
, so in the unit circle, the cosine is the x−coordinate of the point of rotation.

If we trace the x−coordinate through a rotation, notice the change in the distance is similar to sinx, but cosx starts at

one instead of zero. The x−coordinate at 0◦ is 1 and the x−coordinate for 90◦ is 0, so the cosine value is decreasing

from 1 to 0 through the 1st quadrant.
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Here is a similar sequence of rotations to the one used for sine. This time compare the x− coordinate of the point of

rotation with the height of the point as it traces along the horizontal. These pictures plot (θ,cosθ) on the coordinate

plane as (x,y).
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Plotting the quadrant angles and filling in the in-between values shows the graph of y = cosx

The graph of y = cosx has a period of 2π. Just like sinx, the range of a cosine curve is {−1≤ y≤ 1} and the

domain of cosx is all reals. Notice that the shape of the curve is exactly the same, but shifted by π

2
.

The Tangent Graph

The name of the tangent function comes from the tangent line of a circle. This is a line that is perpendicular to the

radius at a point on the circle so that the line touches the circle at exactly one point.
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If we extend angle θ through the unit circle so that it intersects with the tangent line, the tangent function is defined

as the length of the red segment.

The dashed segment is 1 because it is the radius of the unit circle. Recall that the tanθ = y
x
, and it can be verified

that this segment is the tangent by using similar triangles.

tanθ =
y

x
=

t

1
= t

tanθ = t
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So, as we increase the angle of rotation, think about how this segment changes. When the angle is zero, the segment

has no length. As we rotate through the first quadrant, it will increase very slowly at first and then quickly get very

close to one, but never actually touch it.
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As we get very close to the y−axis the segment gets infinitely large, until when the angle really hits 90◦, at which

point the extension of the angle and the tangent line will actually be parallel and therefore never intersect.
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This means there is no finite length of the tangent segment, or the tangent segment is infinitely large.

Let’s translate this portion of the graph onto the coordinate plane. Plot (θ, tanθ) as (x,y).
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In fact as we get infinitely close to 90◦, the tangent value increases without bound, until when we actually reach

90◦, at which point the tangent is undefined. Recall there are some angles (90◦ and 270◦, for example) for which the

tangent is not defined. Therefore, at these points, there are going to be vertical asymptotes.

Rotating past 90◦, the intersection of the extension of the angle and the tangent line is actually below the x−axis.

This fits nicely with what we know about the tangent for a 2nd quadrant angle being negative. At first, it will have

very large negative values, but as the angle rotates, the segment gets shorter, reaches 0, then crosses back into the

positive numbers as the angle enters the 3rd quadrant. The segment will again get infinitely large as it approaches

270◦. After being undefined at 270◦, the angle crosses into the 4th quadrant and once again changes from being

infinitely negative, to approaching zero as we complete a full rotation.
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The graph y = tanx over several rotations would look like this:
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Notice the x−axis is measured in radians. Our asymptotes occur every π radians, starting at π

2
. The period of the

graph is therefore π radians. The domain is all reals except for the asymptotes at π

2
,

3π

2
,−π

2
,etc. and the range is all

real numbers.

The Three Reciprocal Functions

For the three reciprocal functions, it gets increasingly difficult to show the segment representation on the unit circle.

Instead of going through all of this, we will show the cotx, cscx, and secx through the graphs of their reciprocal

functions, tanx, sinx, and cosx.
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Cotangent

Cotangent is the reciprocal of tangent, x
y
, so it would make sense that where ever the tangent had an asymptote, now

the cotangent will be zero. The opposite of this is also true. When the tangent is zero, now the cotangent will have

an asymptote. The shape of the curve is generally the same, so the graph looks like this:
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When you overlap the two functions, notice that the graphs consistently intersect at 1 and -1. These are the angles

that have 45◦ as reference angles, which always have tangents and cotangents equal to 1 or -1. It makes sense that

1 and -1 are the only values for which a function and it’s reciprocal are the same. Keep this in mind as we look at

cosecant and secant compared to their reciprocals of sine and cosine.

The cotangent function has a domain of all real angles except multiples of π{. . .−2π,−π,0,π,2π . . .} The range is

all real numbers.

Cosecant

Cosecant is the reciprocal of sine, or 1
y
. Therefore, whenever the sine is zero, the cosecant is going to have a vertical

asymptote because it will be undefined. It also has the same sign as the sine function in the same quadrants. Here is

the graph.
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The period of the function is 2π, just like sine. The domain of the function is all real numbers, except multiples of

π{. . .−2π,−π,0,π,2π . . .}. The range is all real numbers greater than or equal to 1, as well as all real numbers less

than or equal to -1. Notice that the range is everything except where sine is defined (other than the points at the top

and bottom of the sine curve).
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Notice again the reciprocal relationships at 0 and the asymptotes. Also look at the intersection points of the graphs

at 1 and -1. Many students are reminded of parabolas when they look at the half-period of the cosecant graph. While

they are similar in that they each have a local minimum or maximum and they have the same beginning and ending

behavior, the comparisons end there. Parabolas are not restricted by asymptotes, whereas the cosecant curve is.

Secant

Secant is the reciprocal of cosine, or 1
x
. Therefore, whenever the cosine is zero, the secant is going to have a vertical

asymptote because it will be undefined. It also has the same sign as the cosine function in the same quadrants. Here

is the graph.
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The period of the function is 2π, just like cosine. The domain of the function is all real numbers, except multiples

of π starting at π

2
.

{

. . .

−π

2
,

π

2
,0, 3π

2
,

5π

2
. . .

}

. The range is all real numbers greater than or equal to 1 as well as all real

numbers less than or equal to -1. Notice that the range is everything except where cosine is defined (other than the

tops and bottoms of the cosine curve).
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Notice again the reciprocal relationships at 0 and the asymptotes. Also look at the intersection points of the graphs

at 1 and -1. Again, this graph looks parabolic, but it is not.

The table below summarizes the functions with their domains and ranges:

TABLE 2.5:

Function Domain Range

sinx all reals {y :−1≤ y≤ 1}

cosx all reals {y :−1≤ y≤ 1}

tanx
{

x : x 6= n× π

2
, where n is any odd integer

}

all reals

cscx {x : x 6= nπ, where n is any integer} {y : y≥ 1 or y≤−1}

secx
{

x : x 6= n× π

2
,where n is any odd interger

}

{y : y≥ 1 or y≤−1}

cotx {x : x 6= nπ,where n is any integer} all reals
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Points to Consider

• How are all the reciprocal functions’ graphs related to sine, cosine and tangent?

• What would the inverse function of y = sinx look like?

Review Questions

1. Show that side A (in orange) in this drawing is equal to secθ. Use similar triangles in your proof.

2. In Chapter 1, you learned that tan2
θ+1 = sec2

θ. Use the drawing and results from question 1 to demonstrate

this identity.

3. This diagram shows a unit circle with all the angles that have reference angles of 30◦, 45◦, and 60◦, as well

as the quadrant angles. Label the coordinates of all points on the unit circle. On the smallest circle, label the

angles in degrees, and on the middle circle, label the angles in radians.
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4. Which of the following shows functions that are both increasing as x increases from 0 to π

2
?

a. sinx and cosx

b. tanx and secx

c. secx and cotx

d. cscx and secx

5. Which of the following statements are true as x increases from 3π

2
to 2π?

a. cosx approaches 0

b. tanx approaches positive infinity

c. cosx < sinx

d. cotx approaches negative infinity

Review Answers

1. Use similar triangles:
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So:

x

1
=

1

A
→ Ax = 1→ A =

1

x

cosθ = x→
1

cosθ
=

1

x
→

1

cosθ
= secθ =

1

x

∴ secθ = A

2. Using the Pythagorean theorem, tan2
θ+1 = sec2

θ.
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3.

4. b

5. d
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2.4 Translating Sine and Cosine Functions

Learning Objectives

• Translate sine and cosine functions vertically and horizontally.

• Identify the vertical and horizontal translations of sine and cosine from a graph and an equation.

Vertical Translations

When you first learned about vertical translations in a coordinate grid, you started with simple shapes. Here is a

rectangle:

To translate this rectangle vertically, move all points and lines up by a specified number of units. We do this by

adjusting the y−coordinate of the points. So to translate this rectangle 5 units up, add 5 to every y−coordinate.
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This process worked the same way for functions. Since the value of a function corresponds to the y−value on its

graph, to move a function up 5 units, we would increase the value of the function by 5. Therefore, to translate y = x2

up five units, you would increase the y−value by 5. Because y is equal to x2, then the equation y = x2 +5, will show

this translation.
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Hence, for any graph, adding a constant to the equation will move it up, and subtracting a constant will move it

down. From this, we can conclude that the graphs of y = sinx and y = cosx will follow the same rules. That is, the

graph of y = sin(x)+2 will be the same as y = sinx, only it will be translated, or shifted, 2 units up.

To avoid confusion, this translation is usually written in front of the function: y = 2+ sinx.

Various texts use different notation, but we will use D as the constant for vertical translations. This would lead to

the following equations: y = D± sinx and y = D± cosx where D is the vertical translation. Dcan be positive or

negative.

Another way to think of this is to view sine or cosine curves “wrapped” around a horizontal line. For y = sinx and

y = cosx, the graphs are wrapped around the x−axis, or the horizontal line, y = 0.

For y = 3+ sinx, we know the curve is translated up 3 units. In this context, think of the sine curve as being

“wrapped” around the line, y = 3.

Either method works for the translation of a sine or cosine curve. Pick the thought process that works best for you.
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Example 1: Find the minimum and maximum of y =−6+ cosx

Solution: This is a cosine wave that has been shifted down 6 units, or is now wrapped around the line y = −6.

Because the graph still rises and falls one unit in either direction, the cosine curve will extend one unit above the

“wrapping line” and one unit below it. The minimum is -7 and the maximum is -5.

Example 2: Graph y = 4+ cosx.

Solution: This will be the basic cosine curve, shifted up 4 units.

Horizontal Translations or Phase Shifts

Horizontal translations are a little more complicated. If we return to the example of the parabola, y = x2, what

change would you make to the equation to have it move to the right or left? Many students guess that if you move

the graph vertically by adding to the y−value, then we should add to the x−value in order to translate horizontally.

This is correct, but the graph behaves in the opposite way than what you may think.

Here is the graph of y = (x+2)2.

Notice that adding 2 to the x−value shifted the graph 2 units to the left, or in the negative direction.
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To compare, the graph y = (x−2)2 moves the graph 2 units to the right or in the positive direction.

We will use the letter C to represent the horizontal shift value. Therefore, subtracting C from the x−value will shift

the graph to the right and adding C will shift the graph C units to the left.

Adding to our previous equations, we now have y = D± sin(x±C) and y = D± cos(x±C) where D is the vertical

translation and C is the opposite sign of the horizontal shift.

Example 3: Sketch y = sin
(

x− π

2

)

Solution: This is a sine wave that has been translated π

2
units to the right.

Horizontal translations are also referred to as phase shifts. Two waves that are identical, but have been moved

horizontally are said to be “out of phase” with each other. Remember that cosine and sine are really the same waves

with this phase variation.

y = sinx can be thought of as a cosine wave shifted horizontally to the right by π

2
radians.
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Alternatively, we could also think of cosine as a sine wave that has been shifted π

2
radians to the left.

Example 4: Draw a sketch of y = 1+ cos(x−π)

Solution: This is a cosine curve that has been translated up 1 unit and π units to the right. It may help you to use the

quadrant angles to draw these sketches. Plot the points of y = cosx at 0, π

2
,π,

3π

2
,2π (as well as the negatives), and

then translate those points before drawing the translated curve. The blue curve below is the final answer.

Example 5: Graph y =−2+ sin
(

x+ 3π

2

)

Solution: This is a sine curve that has been translated 2 units down and moved 3π

2
radians to the left. Again, start

with the quadrant angles on y = sinx and translate them down 2 units.
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Then, take that result and shift it 3π

2
to the left. The blue graph is the final answer.

Example 6: Write the equation of the following sinusoid

Solution: Notice that you have been given some points to help identify the curve properly. Remember that sine and

cosine are essentially the same wave so you can choose to model the sinusoid with either one. Think of the function

as a cosine curve because the maximum value of a cosine function is on the y−axis, which makes cosine easier to

visualize. From the points on the curve, the first maximum point to the right of the y−axis occurs at halfway between

π and 2π, or 3π

2
. Because the next maximum occurs 2π units to the right of that, or at 7π

2
, there is no change in the
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period of this function. This means that the cosine curve has been translated 3π

2
units to the right, or y = cos

(

x− 3π

2

)

.

The vertical translation value can be found by locating the center of the wave. If it is not obvious from the graph,

you can find the center by averaging the minimum and maximum values.

This center is the wrapping line of the translated function and is therefore the same as D. In this example, the

maximum value is 1.5 and the minimum is -0.5. So,

1.5+(−0.5)

2
=

1

2

Placing these two values into our equation, y = D± cos(x±C), gives:

y =
1

2
+ cos

(

x−
3π

2

)

Because the cosine graph is periodic, there are an infinite number of possible answers for the horizontal translation.

If we keep going in either direction to the next maximum and translate the wave back that far, we will obtain the

same graph. Some other possible answers are:

y =
1

2
+ cos

(

x+
π

2

)

,y =
1

2
+ cos

(

x−
5π

2

)

,and y =
1

2
+ cos

(

x−
7π

2

)

.

Because sine and cosine are essentially the same function, we could also have modeled the curve with a sine function.

Instead of looking for a maximum peak though, for sine we need to find the middle of an increasing part of the wave

to consider as a starting point because sine starts at zero.
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The coordinates of this point may not always be obvious from the graph. It this case, the drawing shows that the

point just to the right of the y−axis is
(

π,
1
2

)

. So the horizontal, or C value would be π. The vertical shift, amplitude,

and frequency are all the same as the were for the cosine wave because it is the same graph. So the equation would

become y = 1
2
+ sin(x−π).

Once again, there are an infinite number of other possible answers if you extend away from the C value multiples of

2π in either direction, such as y = 1
2
+ sin(x−3π) or y = 1

2
+ sin(x−π).

Points to Consider

• Amplitude is the “stretching” of a sine or cosine curve. Where do you think that would go in the equation?

• Do you think the other four trig functions are translated, vertically and horizontally, in the same way as sine

and cosine?

• Why is there an infinitely many number of equations that can represent a sine or cosine curve?

Review Questions

For problems 1-5, find the equation that matches each description.

1. ____the minimum value is 0 – A. y = sin
(

x− π

2

)

2. ____the maximum value is 3 – B. y = 1+ sinx

3. ____the y−intercept is -2 – C. y = cos(x−π)
4. ____the y−intercept is -1 – D. y =−1+ sin

(

x− 3π

2

)

5. ____the same graph as y = cos(x) – E. y = 2+ cosx

6. Express the equation of the following graph as both a sine and a cosine function. Several points have been

plotted at the quadrant angles to help.

For problems 7-10, match the graph with the correct equation.

7. ____ y = 1+ sin
(

x− π

2

)

8. ____ y =−1+ cos
(

x+ 3π

2

)

9. ____ y = 1+ cos
(

x− π

2

)

10. ____ y =−1+ sin(x−π) A.
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B.

C.

D.

11. Sketch the graph of y = 1+ sin
(

x− π

4

)

on the axes below.
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Review Answers

1. B

2. E

3. D

4. C

5. A

6.

y =−2+ sin(x−π) or y =−2+ sin(x+π)

y =−2+ cos
(

x+
π

2

)

or y =−2+ cos

(

x−
3π

2

)

Note: this list is not exhaustive, there are other possible answers.

7. C

8. D

9. A

10. B

11.
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2.5 Amplitude, Period and Frequency

Learning Objectives

• Calculate the amplitude and period of a sine or cosine curve.

• Calculate the frequency of a sine or cosine wave.

• Graph transformations of sine and cosine waves involving changes in amplitude and period (frequency).

Amplitude

The amplitude of a wave is basically a measure of its height. Because that height is constantly changing, amplitude

is defined as the farthest distance the wave gets from its center. In a graph of f (x) = sinx, the wave is centered on

the x−axis and the farthest away it gets (in either direction) from the axis is 1 unit.

So the amplitude of f (x) = sinx (and f (x) = cosx) is 1.

Recall how to transform a linear function, like y= x. By placing a constant in front of the x value, you may remember

that the slope of the graph affects the steepness of the line.
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The same is true of a parabolic function, such as y = x2. By placing a constant in front of the x2, the graph would be

either wider or narrower. So, a function such as y = 1
8

x2, has the same parabolic shape but it has been “smooshed,”

or looks wider, so that it increases or decreases at a lower rate than the graph of y = x2.

No matter the basic function; linear, parabolic, or trigonometric, the same principle holds. To dilate (flatten or

steepen, wide or narrow) the function, multiply the function by a constant. Constants greater than 1 will stretch the

graph vertically and those less than 1 will shrink it vertically.

Look at the graphs of y = sinx and y = 2sinx.

Notice that the amplitude of y = 2sinx is now 2. An investigation of some of the points will show that each y−value

is twice as large as those for y = sinx. Multiplying values less than 1 will decrease the amplitude of the wave as in

this case of the graph of y = 1
2

cosx:
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Example 1: Determine the amplitude of f (x) = 10sinx.

Solution: The 10 indicates that the amplitude, or height, is 10. Therefore, the function rises and falls between 10

and -10.

Example 2: Graph g(x) =−5cosx

Solution: Even though the 5 is negative, the amplitude is still positive 5. The amplitude is always the absolute value

of the constant A. However, the negative changes the appearance of the graph. Just like a parabola, the sine (or

cosine) is flipped upside-down. Compare the blue graph, g(x) =−5cosx, to the red parent graph, f (x) = cosx.
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So, in general, the constant that creates this stretching or shrinking is the amplitude of the sinusoid. Continuing with

our equations from the previous section, we now have y = D±Asin(x±C) or y = D±Acos(x±C). Remember, if

0 < |A|< 1, then the graph is shrunk and if |A|> 1, then the graph is stretched. And, if A is negative, then the graph

is flipped.

Period and Frequency

The period of a trigonometric function is the horizontal distance traversed before the y−values begin to repeat. For

both graphs, y = sinx and y = cosx, the period is 2π. As we learned earlier in the chapter, after completing one

rotation of the unit circle, these values are the same.

Frequency is a measurement that is closely related to period. In science, the frequency of a sound or light wave is

the number of complete waves for a given time period (like seconds). In trigonometry, because all of these periodic

functions are based on the unit circle, we usually measure frequency as the number of complete waves every 2π

units. Because y = sinx and y = cosx cover exactly one complete wave over this interval, their frequency is 1.

Period and frequency are inversely related. That is, the higher the frequency (more waves over 2π units), the lower

the period (shorter distance on the x−axis for each complete cycle).
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After observing the transformations that result from multiplying a number in front of the sinusoid, it seems natural

to look at what happens if we multiply a constant inside the argument of the function, or in other words, by the x

value. In general, the equation would be y = sinBx or y = cosBx. For example, look at the graphs of y = cos2x and

y = cosx.

Notice that the number of waves for y = cos2x has increased, in the same interval as y = cosx. There are now 2

waves over the interval from 0 to 2π. Consider that you are doubling each of the x values because the function is 2x.

When π is plugged in, for example, the function becomes 2π. So the portion of the graph that normally corresponds

to 2π units on the x−axis, now corresponds to half that distance—so the graph has been “scrunched” horizontally.

The frequency of this graph is therefore 2, or the same as the constant we multiplied by in the argument. The period

(the length for each complete wave) is π.

Example 3: What is the frequency and period of y = sin3x?

Solution: If we follow the pattern from the previous example, multiplying the angle by 3 should result in the sine

wave completing a cycle three times as often as y = sinx. So, there will be three complete waves if we graph it from

0 to 2π. The frequency is therefore 3. Similarly, if there are 3 complete waves in 2π units, one wave will be a third

of that distance, or 2π

3
radians. Here is the graph:
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This number that is multiplied by x, called B, will create a horizontal dilation. The larger the value of B, the more

compressed the waves will be horizontally. To stretch out the graph horizontally, we would need to decrease the

frequency, or multiply by a number that is less than 1. Remember that this dilation factor is inversely related to the

period of the graph.

Adding, one last time to our equations from before, we now have: y=D±Asin(B(x±C)) or y=D±Acos(B(x±C)),
where B is the frequency, the period is equal to 2π

B
, and everything else is as defined before.

Example 4: What is the frequency and period of y = cos 1
4
x?

Solution: Using the generalization above, the frequency must be 1
4

and therefore the period is
2π

1

4
, which simplifies

to: 2π
1
4

=
2π

1
1
4

·
4
1
4
1

= 8π

1
= 8π

Thinking of it as a transformation, the graph is stretched horizontally. We would only see 1
4

of the curve if we

graphed the function from 0 to 2π. To see a complete wave, therefore, we would have to go four times as far, or all

the way from 0 to 8π.

Combining Amplitude and Period

Here are a few examples with both amplitude and period.

Example 5: Find the period, amplitude and frequency of y = 2cos 1
2
x and sketch a graph from 0 to 2π.

Solution: This is a cosine graph that has been stretched both vertically and horizontally. It will now reach up to 2

and down to -2. The frequency is 1
2

and to see a complete period we would need to graph the interval [0,4π]. Since

we are only going out to 2π, we will only see half of a wave. A complete cosine wave looks like this:
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So, half of it is this:

This means that this half needs to be stretched out so it finishes at 2π, which means that at π the graph should cross

the x−axis:

The final sketch would look like this:

amplitude = 2, frequency = 1
2
,period = 2π

1
2

= 4π

Example 6: Identify the period, amplitude, frequency, and equation of the following sinusoid:
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Solution: The amplitude is 1.5. Notice that the units on the x−axis are not labeled in terms of π. This appears to be

a sine wave because the y−intercept is 0.

One wave appears to complete in 1 unit (not 1π units!), so the period is 1. If one wave is completed in 1 unit, how

many waves will be in 2π units? In previous examples, you were given the frequency and asked to find the period

using the following relationship:

p =
2π

B

Where B is the frequency and p is the period. With just a little bit of algebra, we can transform this formula and

solve it for B:

p =
2π

B
→ Bp = 2π→ B =

2π

p

Therefore, the frequency is:

B =
2π

1
= 2π

If we were to graph this out to 2π we would see 2π (or a little more than 6) complete waves.

Replacing these values in the equation gives: f (x) = 1.5sin2πx.

Points to Consider

• Are the graphs of the other four trigonometric functions affected in the same way as sine and cosine by

amplitude and period?

• We saw what happens to a graph when A is negative. What happens when B is negative?
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Review Questions

1. Using the graphs from section 3, identify the period and frequency of y = secx,y = cotx and y = cscx.

2. Identify the minimum and maximum values of these functions.

a. y = cosx

b. y = 2sinx

c. y =−sinx

d. y = tanx

e. y = 1
2

cos2x

f. y =−3sin4x

3. How many real solutions are there for the equation 4sinx = sinx over the interval 0≤ x≤ 2π?

a. 0

b. 1

c. 2

d. 3

4. For each equation, identify the period, amplitude, and frequency.

a. y = cos2x

b. y = 3sinx

c. y = 2sinπx

d. y = 2cos3x

e. y = 1
2

cos 1
2
x

f. y = 3sin 1
2

x

5. For each of the following graphs; 1) identify the period, amplitude, and frequency and 2) write the equation.

a.

b.
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c.

d.

6. For each equation, draw a sketch from 0 to 2π.

a. y = 3sin2x

b. y = 2.5cosπx

c. y = 4sin 1
2
x

Review Answers

1. y = secx: period = 2π, frequency = 1y = cotx: period = π, frequency = 2y = cscx: period = 2π, frequency

= 1 Because these are reciprocal functions, the periods are the same as cosine, tangent, and sine, repectively.

1. min: -1, max: 1

2. min: -2, max: 2

3. min: -1, max: 1

4. there is no minimum or maximum, tangent has a range of all real numbers

5. min: −1
2
, max: 1

2

6. min: -3, max: 3

2. d.

1. period: π, amplitude: 1, frequency: 2

2. period: 2π, amplitude: 3, frequency: 1

3. period: 2, amplitude: 2, frequency: π

4. period: 2π

3
, amplitude: 2, frequency: 3

5. period: 4π, amplitude: 1
2
, frequency: 1

2

6. period: 4π, amplitude: 3, frequency: 1
2

1. period: π, amplitude: 1, frequency: 2,y = 3cos2x

2. period: 4π, amplitude: 2, frequency: 1
2
,y = 2sin 1

2
x

3. period: 3, amplitude: 2, frequency: 2π

3
,y = 2cos 2π

3
x

4. period: π

3
, amplitude: 1

2
, frequency: 6,y = 1

2
sin6x
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1.

2.

3.
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2.6 General Sinusoidal Graphs

Learning Objectives

• Given any sinusoid in the form: y = D±Acos(B(x±C)) or y = D±Asin(B(x±C)) identify the transforma-

tions performed by A, B, C, and D.

• Graph any sinusoid given an equation in the form y = D±Acos(B(x±C)) or y = D±Asin(B(x±C)).
• Identify the equation of any sinusoid given a graph and critical values.

The Generalized Equations

In the previous two sections, you learned how to translate and dilate sine and cosine waves both horizontally and

vertically. Combining all the information learned, the general equations are: y = D±Acos(B(x±C)) or y = D±

Asin(B(x±C)), where A is the amplitude, B is the frequency, C is the horizontal translation, and D is the vertical

translation.

Recall the relationship between period, p, and frequency, B.

p =
2π

B
and B =

2π

p

With this knowledge, we should be able to sketch any sine or cosine function as well as write an equation given its

graph.

Drawing Sketches/Identifying Transformations from the Equation

Example 1: Given the function: f (x) = 1+2sin(2(x+π))

a. Identify the period, amplitude, and frequency.

b. Explain any vertical or horizontal translations present in the equation.

c. Sketch the graph from −2π to 2π.

Solution: a. From the equation, the amplitude is 2 and the frequency is also 2. To find the period we use:

p =
2π

B
→ p =

2π

2
= π

So, there are two complete waves from [0,2π] and each individual wave requires π radians to complete.

b. D = 1 and C =−π, so this graph has been translated 1 unit up, and π units to the left.

c. To sketch the graph, start with the graph of y = sin(x)
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Translate the graph π units to the left (the C value).

Next, move the graph 1 unit up (D value)

Now we can add the dilations. Remember that the “starting point” of the wave is −π because of the horizontal

translation. A normal sine wave takes 2π units to complete a cycle, but this wave completes one cycle in π units.

The first wave will complete at 0, then we will see a second wave from 0 to π and a third from π to 2π. Start by

placing points at these values:

Using symmetry, each interval needs to cross the line y = 1 through the center of the wave.
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One sine wave contains a “mountain” and a “valley”. The mountain “peak” and the valley low point must occur

halfway between the points above.

Extend the curve through the domain.

Finally, extend the minimum and maximum points to match the amplitude of 2.

Example 2: Given the function: f (x) = 3+3cos
(

1
2
(x− π

2

)

)

a. Identify the period, amplitude, and frequency.

b. Explain any vertical or horizontal translations present in the equation.

c. Sketch the graph from −2π to 2π.

Solution: a. From the equation, the amplitude is 3 and the frequency is 1
2
. To find the period we use:

period =
2π

1
2

= 4π
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So, there is only one half of a cosine curve from 0 to 2π and each individual wave requires 4π radians to complete.

b. D = 3 and C = π

2
, so this graph has been translated 3 units up, and π

2
units to the right.

c. To sketch the graph, start with the graph of y = cos(x)

Adjust the amplitude so the cosine wave reaches up to 3 and down to negative three. This affects the maximum

points, but the points on the x−axis remain the same. These points are sometimes called nodes.

According to the period, we should see one of these shapes every 4π units. Because the interval specified is [−2π,2π]
and the cosine curve “starts” at the y−axis, at (0, 3) and at 2π the value is -3. Conversely, at −2π, the function is

also -3.

Now, shift the graph π

2
units to the right.
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Finally, we need to adjust for the vertical shift by moving it up 3 units.

Writing the Equation from a Sketch

In order to write the equation from a graph, you need to be provided with enough information to find the four

constants.

Example 3: Find the equation of the sinusoid graphed here.
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Solution: First of all, remember that either sine or cosine could be used to model these graphs. However, it is usually

easier to use cosine because the horizontal shift is easier to locate in most cases. Therefore, the model that we will

be using is y = D±Acos(B(x±C)) .

First, if we think of the graph as a cosine function, it has a horizontal translation of zero. The maximum point is also

the y−intercept of the graph, so there is no need to shift the graph horizontally and therefore, C = 0. The amplitude

is the height from the center of the wave. If you can’t find the center of the wave by sight, you can calculate it. The

center should be halfway between the highest and the lowest points, which is really the average of the maximum

and minimum. This value will actually be the vertical shift, or D value.

D = center =
60+−20

2
=

40

2
= 20

The amplitude is the height from the center line, or vertical shift, to either the minimum or the maximum. So,

A = 60−20 = 40.

The last value to find is the frequency. In order to do so, we must first find the period. The period is the distance

required for one complete wave. To find this value, look at the horizontal distance between two consecutive

maximum points.
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On our graph, from maximum to maximum is 3.

Therefore, the period is 3, so the frequency is B = 2π

3
.

We have now calculated each of the four parameters necessary to write the equation. Replacing them in the equation

gives:

y = 20+40cos
2π

3
x

If we had chosen to model this curve with a sine function instead, the amplitude, period and frequency, as well as

the vertical shift would all be the same. The only difference would be the horizontal shift. The sine wave starts in

the middle of an upward sloped section of the curve as shown by the red circle.

This point intersects with the vertical translation line and is a third of the distance back to -3. So, in this case,

the sine wave has been translated 1 unit to the left. The equation using a sine function instead would have been:

y = 20+40sin
(

2π

3
(x+1)

)

Points to Consider

• When using either sine or cosine to model a graph, why is only the phase shift different?
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• How would you write y = sinx in the form y = D±Asin(B(x±C))? What are A, B, C, and D?

• Is it possible to solve y = D±Asin(B(x±C)) for x?

Review Questions

For problems 1-5, identify the amplitude, period, frequency, maximum and minimum points, vertical shift, and

horizontal shift.

1. y = 2+3sin(2(x−1))
2. y =−1+ sin

(

π(x+ π

3

)

)
3. y = cos(40(x−120))+5

4. y =−cos
(

1
2
(x+ 5π

4

)

)
5. y = 2cos(−x)+3

For problems 6-10, write the equation of each graph. Recall that cosine might be an easier model, but you may write

your answer in terms of cosine or sine.

6.

7.
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8.

9.

10.
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Review Answers

1. This is a sine wave that has been translated 1 unit to the right and 2 units up. The amplitude is 3 and the

frequency is 2. The period of the graph is π. The function reaches a maximum point of 5 and a minimum of

-1.

2. This is a sine wave that has been translated 1 unit down and π

3
radians to the left. The amplitude is 1 and the

period is 2. The frequency of the graph is π. The function reaches a maximum point of 0 and a minimum of

-2.

3. This is a cosine wave that has been translated 5 units up and 120 radians to the right. The amplitude is 1 and

the frequency is 40. The period of the graph is π

20
. The function reaches a maximum point of 6 and a minimum

of 4.

4. This is a cosine wave that has not been translated vertically. It has been translated 5π

4
radians to the left. The

amplitude is 1 and the frequency is 1
2
. The period of the graph is 4π. The function reaches a maximum point of

1 and a minimum of -1. The negative in front of the cosine function does not change the amplitude, it simply

reflects the graph across the x−axis.

5. This is a cosine wave that has been translate up 3 units and has an amplitude of 2. The frequency is 1 and the

period is 2π. There is no horizontal translation. Putting a negative in front of the x−value reflects the function

across the y−axis. A cosine wave that has not been translated horizontally is symmetric to the y−axis so this

reflection will have no visible effect on the graph. The function reaches a maximum of 5 and a minimum of

1. ∗∗∗other answers are possible given different horizontal translations of sine/cosine

6. y = 3+2cos
(

4(x− π

6

)

)
7. y = 2+ sinx or y = 2+ cos

(

x− π

2

)

8. y = 10+20cos(6(x−30))
9. y = 3+ 3

4
cos

(

1
2
(x+π

)

)
10. y = 3+7cos

(

1
3
(x− π

4

)

)
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2.7 Graphing Tangent, Cotangent, Secant, and
Cosecant

Learning Objectives

• Apply transformations to the remaining four trigonometric functions.

• Identify the equation, given a basic graph.

Tangent and Cotangent

From Section 2.3, the graph of tangent looks like the picture below, where the period is π and vertical asymptotes are

at 2πn± π

2
and 2πn± 3π

2
, where n is any integer. Notice that the period is only π and the function repeats after every

asymptote. The x−intercepts are . . . ,−π,0,π,2π, . . . The general equation of a tangent function is just like sine and

cosine, f (x) = D±A tan(B(x±C)), where A, B, C, and D represent the same transformations as they did before.
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Cotangent also has a period of π, but the asymptotes and x−intercepts are reversed. What this means is that the

vertical asymptotes are now at 0 and ±nπ, and the x−intercepts are at 2πn± π

2
and 2πn± 3π

2
, where n is an integer.

The general equation of a cotangent function is just like sine and cosine, f (x) = D±Acot(B(x±C)), where A, B, C,

and D represent the same transformations as they did before.
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One important difference: the period of sine and cosine is defined as 2π

B
. The period of tangent and cotangent is only

π, so the period would be π

B
.

Example 1: Sketch the graph of g(x) =−2+ cot 1
3
x over the interval [0,6π].

Solution: Starting with y = cotx, g(x) would be shifted down two and frequency is 1
3
, which means the period would

be 3π, instead of π. So, in our interval of [0,6π] there would be two complete repetitions. The red graph is y = cotx .

Example 2: Sketch the graph of y =−3tan
(

x− π

4

)

over the interval [−π,2π].

Solution: If you compare this graph to y = tanx, it will be stretched and flipped. It will also have a phase shift of π

4

to the right. The red graph is y = tanx.
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Secant and Cosecant

Because secant is the reciprocal of cosine, it will have the same period, 2π. Notice that an entire period encompasses

an upward
⋃

and downward
⋂

and the asymptote between them. There are no x−intercepts and only one y−intercept

at (0,1). The vertical asymptotes are everywhere cosine is zero, so πn± π

2
and πn± 3π

2
, where n is any integer. The

general equation of a secant function is just like the others, f (x) = D±Asec(B(x±C)), where A, B, C, and D

represent the same transformations as they did before.
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The cosecant is the reciprocal of sine and it has the same period, 2π. Notice that an entire period encompasses an

upward
⋃

and downward
⋂

and the asymptote between them, just like secant. There are no x−intercepts and no

y−intercepts. The vertical asymptotes are everywhere sine is zero, so ±nπ, where n is any integer. The general

equation of a cosecant function is just like the others, f (x) = D±Acsc(B(x±C)), where A, B, C, and D represent

the same transformations as they did before.

175



2.7. Graphing Tangent, Cotangent, Secant, and Cosecant www.ck12.org

Recall that the period of sine and cosine is defined as 2π

B
. The period of secant and cosecant will also be defined this

way.

Example 3: Sketch a graph of h(x) = 5+ 1
2

sec4x over the interval [0,2π].

Solution: If you compare this example to f (x) = secx, it will be translated 5 units up, with an amplitude of 1
2

and a

frequency of 4. This means in our interval of 0 to 2π, there will be 4 secant curves.

Graphing Calculator Note

For the two examples above, it might seem difficult to graph these on a graphing calculator. Most graphing

calculators do not have sec, csc, or cot buttons. However, we do know that these three functions are reciprocals
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of cosine, sine, and tangent, respectively. So, you must enter them into the calculator in this way. For example, the

equation f (x) = 2+3csc
(

3
4
(x−2)

)

would be entered like 2+ 3

sin( 3
4
(x−2))

in the y = menu.

Find the Equation from a Graph

For tangent, cotangent, secant, and cosecant it can be difficult to determine the equation from a graph, so to simplify

this section amplitude changes will not be included.

Example 4: Find the equation of the graph below.

Solution: From the graph, we can see this is tangent. Usually tangent intercepts the origin, but here it intercepts at

(0,2). Therefore, we know that there is no horizontal shift and the vertical shift is up 2. Because we have eliminated

amplitude from this section, the only thing left to find is the period. Normally, the period of tangent is π, but as you

can see from the graph, there are three curves from [0,π]. So, the frequency is 3. The equation is y = 2+ tan3x.

Example 5: Find the equation for the graph below.

Solution: First of all, this could be either a secant or cosecant function. Let’s say this is a secant function. Secant

usually intersects the y−axis at (0,1) at a minimum. Now, that corresponding minimum is
(

π

2
,−2

)

. Because there is

no amplitude change, we can say that the vertical shift is the difference between the two y−values, -3. It looks like

there is a phase shift and a period change. From minimum to minimum is one period, which is 9π

2
− π

2
= 8π

2
= 4π

and B = 2π

4π
= 1

2
. Lastly, we need to find the horizontal shift. Since secant usually intersects the y−axis at (0,1) at

a minimum, and now the corresponding minimum is
(

π

2
,−2

)

, we can say that the horizontal shift is the difference

between the two x−values, π

2
. Therefore, our equation is f (x) =−3+ sec

(

1
2
(x− π

2

)

).
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Points to Consider

• How can you shift or change tangent to make it look like cotangent?

• Are secant and cosecant “out of phase” like sine and cosine?

• Why do tangent and cotangent have a different period than the other four trig functions?

Review Questions

For questions 1-6, graph the following functions. Determine the amplitude, period, frequency, phase shift and

vertical translation.

1. y =−1+ 1
3

cot2x

2. g(x) = 5csc
(

1
4
(x+π

)

)
3. f (x) = 4+ tan(0.5(x−π))
4. y =−2+ 1

2
sec(4(x−1))

5. y =−2tan2x

6. h(x) =−cot 1
3
x+1

7. We know that sine and cosine (and secant and cosecant) would be the same graph with a shift of π

2
. How can

we manipulate the graph of y = cotx to match up with y = tanx?

For problems 8 and 9, determine the equation of the trig functions below. All amplitudes are 1.

8.

9.
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Review Answers

1. y =−1+ 1
3

cot2x

2. g(x) = 5csc
(

1
4
(x+π)

)

3. f (x) = 4+ tan(0.5(x−π))

4. y =−2+ 1
2

sec(4(x−1))
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5. y =−2tan2x

6. h(x) =−cot
(

1
3
x
)

+1

7. To make cotangent match up with tangent, it is helpful to graph the two on the same set of axis. First, cotangent

needs to be flipped, which would make the amplitude of -1. Once cotangent is flipped, it also needs a phase

shift of π

2
. So, tanx =−cot

(

x− π

2

)

.

8. This is a tangent graph. From the two points we are given, we can determine the phase shift, vertical shift and

frequency. There is no phase shift, the vertical shift is 3 and the frequency is 6. y = 3+ tan6x

9. This could be either a secant or cosecant function. We will use a cosecant model. First, the vertical shift is -1.

The period is the difference between the two given x−values, 7π

4
− 3π

4
= π, so the frequency is 2π

π
= 2. The

horizontal shift incorporates the frequency, so in y = cscx the corresponding x−value to
(

3π

4
,0
)

is
(

π

2
,1
)

. The

difference between the x−values is 3π

4
− π

2
= 3π

4
− 2π

4
= π

4
and then multiply it by the frequency, 2 · π

4
= π

2
. The

equation is y =−1+ csc
(

2(x− π

2

)

).
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