
Lesson 6 Rational Functions 

 

Introduction 

In the last lesson we discussed polynomials and looked at how to add, subtract and multiply 

polynomials, but what happens when we divide polynomials? When we divide polynomials we 

get a new family of functions known as rational functions. Rational functions can have 

interesting end behavior which allows them to be used to model situations where growth and/or 

decay level off at a certain amount. 
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Section 6.1 - Rational Functions 

 

First, let's start off with the definition of a rational function. 

 

Next. Let's take a look at a couple of examples of Rational Function Applications 

Media Example 1 - Rational Function Application - Road Trip 

You and your family are heading out to San Diego on a road trip. From Phoenix, the trip 
is 354.5 miles according to Google. Answer the following questions based upon this 
situation. 
 
a)  Use the relationship, Distance = Rate times Time or d = rT, to write a rational 

function T(r)  that has the rate of travel, r (in mph), as its input and the time of travel 
(in hours) as its  output. The distance will be constant at 354.5 miles. 

 
 
 
 
 
 
 
b)  Provide a rough but accurate sketch of the graph in the space below. Label your 

horizontal  and vertical axes. You only need to graph the first quadrant information. 
Indicate the  graphing window you chose. 

 
Xmin=______ 
Xmax=______ 
Ymin=______ 
Ymax=______ 
 

 
 
 
 



c) If you average 60 mph, how long will the trip take? 
 
 
 
 
 
 
 
d) If the trip took 10 hours, what was your average rate of travel? 
 
 
 
 
 
 
 
e) What does the graph indicate will happen as your rate increases? 
 
 
 
 
 

f) What does the graph indicate will happen as your rate gets close to zero? 

 

 

 

Media Example 2 - Rational Function Application - Left Handed Smoke Shifters 

In this example, we look at the Average Cost to produce Left Handed Smoke Shifters. We look 

at evaluating the Rational Function given the Input as well as solving the Rational Function 

given the Output. We also introduce the concept of a Horizontal Asymptote of a Rational 

Function. We will look at Horizontal Asymptotes in much more depth in section 6.3. 

 

HORIZONTAL ASYMPTOTES 

The Horizontal Asymptote is a guiding line for the function as 

the input values approach positive and negative infinity. If f(x) 

has a HORIZONTAL ASYMPTOTE y = a, then as the input 

values approach positive and negative infinity, the output values 

will approach a. 



Mr. Ewald decides to make and sell Left Handed Smoke Shifters as a side business. The function 

below gives the average cost (in dollars) per Smoke Shifter when x Smoke Shifters are produced. 

    ( )  
      

 
             

Use the function to answer the following questions. 

 

a).  Determine A(12), and write a complete sentence explaining the meaning of your answer. 

Round your answer to the nearest cent. 

 

 

 

 

 

b).  How many Smoke Shifters must be produced in order to reduce the average cost to $11 

each?  Write a complete sentence explaining the meaning of your answer. 

 

 

 

 

 

 

c).  Give the equation of the horizontal asymptote of A(x) and write a sentence to explain its 

significance in this situation.  
 
 
 
 
 
 
 

Now that we have examined a couple of examples of Rational Functions, we need to look into 

the characteristics of those functions in more depth. We start in the next section by examining 

the Domain and the Vertical Asymptotes of these types of functions. 

 

  



Section 6.2 - Domain and Vertical Asymptotes of Rational Functions 

 

The concepts of Domain and Vertical Asymptotes of Rational Functions are closely tied 

together. Both deal with input values that are not allowed for the function because they will 

result in invalid outputs (because of division by Zero). Let's start by looking at the Domain. 

 Domain of a Rational Function 

When we have a polynomial in the denominator, we must restrict our domain so that we do not 

include any input values that make the denominator 0. If the denominator evaluates to 0, the we 

run into a Divide by Zero situation, which is invalid and therefore that input must be excluded 

from the Domain. 

Media Example 3 - Domain of a Rational Function 

In this Media Example, we look at finding the Domain of three different Rational Functions. 

They are: 

 

 

 

 

 

 

 

 

Vertical Asymptotes of a Rational Function 

  

The next characteristic of Rational Functions that we are examining in this section is called a 

Vertical Asymptote. Here's the formal definition: 

 



Worked Example 1 - Vertical Asymptotes of a Rational Function 

Let's take a look at the graph of the function  to get a visual idea of what a Vertical 

Asymptote is. 

Worked Example Notes: 

   

 

 

 

 

 

  

Media Example 4 - Vertical Asymptotes of a Rational Function 

The following video will help explain the notation being used in Worked Example 1. We will 

again be looking at the function  

Video Example Notes: 

  

 

 

 

 

 

 

 

 



Test Yourself 1 - Vertical Asymptotes 

 a).   List all the values where the given function has a vertical asymptote: 

 

 

  

b).    has vertical asymptotes at x = 3 and x = -4 

True or False? 

 

 

c)    has vertical asymptotes at x = 4 and x =2. 

True or False? 

  

 

  



Section 6.3 - End Behavior and Horizontal Asymptotes

 

End Behavior  

The End Behavior of Rational Functions fall into three categories. 

 As the input approaches positive or negative infinity, the output approaches 0 

 As the input approaches positive or negative infinity, the output approaches a non zero 

finite number. 

 As the input approaches positive or negative infinity, the output also approaches either 

positive or negative infinity. 

In the Softchalk Lesson, you are able to work with Virtual Manipulatives to examine each of 

these behaviors.  Show your results below. 

Virtual Manipulatives 1 - End Behavior 

Use the Geogebra Widget to examine how the Output Changes as you change the input for each of the Rational 
Functions below. Drag the slider "a" to the left and to the right and view both the point on the graph and the ordered 
pair. The slider changes the input from -10 to 10. So the point may scroll off the page, but you can still view the 
results by looking at the ordered pair for A.  Draw a rough sketch of your results for each. 

 a)  

 

  

b)  

This example shows how the end behavior approaches an output of 2 as the input approaches negative and positive 
infinity. Again, drag the slider to examine how the output changes as the input changes. Also, view the Horizontal and 
Vertical Asymptotes for the function. 

  

c)  

In our third example, we examine a Rational Function that does not have a Horizontal Asymptote. Again, use the 
slider to examine the end behavior of the function. You should notice that as the input moves towards negative 
infinity, so does the output. And as the input moves towards positive infinity, the output moves towards positive infinity 
as well. 

   



Test Yourself 2 - End Behavior 

 Using the following four functions complete the table below. Then use that information to 

answer the questions that follow: 

 

Start by filling in the following table. 

 

Can you guess what the outputs would be if the input were 100,000? 

Let's summarize this end behavior using our limit notation. See if you can match the limit with 

its appropriate value. 

  

 



Horizontal Asymptotes 

Notice in three of our cases above, as x ―› ∞, the outputs of the function went to a finite 

number. Remember that: 

The End Behavior of Rational Functions fall into three categories. 

 As the input approaches positive or negative infinity, the output approaches 0 

 As the input approaches positive or negative infinity, the output approaches a non zero 

finite number. 

 As the input approaches positive or negative infinity, the output also approaches either 

positive or negative infinity. 

When we get one of the first two cases, we get what is called a horizontal asymptote.  

HORIZONTAL ASYMPTOTES 

The Horizontal Asymptote is a guiding line for the function as 

the input values approach positive and negative infinity. If f(x) 

has a HORIZONTAL ASYMPTOTE y = a, then as the input 

values approach positive and negative infinity, the output values 

will approach a. 

 Let's see how we can generalize these into rules that can be applied to all rational functions. 

Rules for Determining Horizontal Asymptotes 

Recall from the last lesson that the end behavior of polynomials is determined by their leading 

term. Since rational functions are ratios of polynomials, the leading term of the numerator and 

the leading term of the denominator are all we need to determine the end behavior of a rational 

function. In fact, we can determine a lot from just looking at the degree of the numerator and 

denominator. Here's how:  

Media Example 5 - Rules for Determining Horizontal Asymptotes 

Media Example Notes:  

 

 

 

 

 



 

So as the video show, we have, given a rational function of the form 

 

 

 

  

Media Example 6 - Determining the Horizontal Asymptotes of Rational Functions 

Here is how we can determine the horizontal asymptotes for the following functions: 

 

  

  

  

  

 

 

 

 



 

 

Test Yourself 3 - Horizontal Asymptotes of a Rational Function 

 a)  The following rational function has a horizontal asymptote: 

 

True or False? 

 

b)  The following rational function has a horizontal asymptote at 0. 

 

True or False? 

 

c)  What is the horizontal asymptote of the following rational function: 

 

 

  

  

 

  



Sections 6.4 - Holes in the Domain of a Rational Function

 

A hole occurs whenever there is a linear factor of the same multiplicity in the numerator and 

denominator of a rational function. For example, consider the following function:

 

 

What is the domain of the function? 

What does the graph of the function look like? 

How many vertical asymptotes appear in the graph? 

Media Example 7 - Holes in a Function 

  

 

 

 

  

  

Test Yourself 4 - Holes in a Rational Function 

a)  The following rational function has a hole. 

 

True or False? 

b)  The following rational function has a hole at what value of x? 

 

  
 



Media Example 8 - Finding the Characteristics of a Rational Function 

 

 

 

  



Section 6.5 - Graphs of Rational Functions 

Rational functions have very interesting characteristics and never are they more evident than 

when we are looking at the graph of a rational function. We have seen how to find their 

asymptotes, now we will discuss how we can determine what they look like graphically and how 

we can describe that behavior. 

Zeros/Roots/x-Intercepts 

We know from previous lessons that the x-intercepts are where the graph hits the x-axis which is 

also where the output is equal to 0. So if we do that with one of our rational functions from 

earlier, we get the following: 

 

Now our first step in solving this equation is to multiply both sides by the denominator. 

 

Now, the x+ 2 term will cancel out on the left hand side and 0(x+ 2) = 0 so we get 

 

Which gives us x= 3 for our root. 

Note: It is possible that a rational function will not have any x-intercepts. 

For example 

 

y-Intercept 

The y-intercept of a rational function is the output when the input is zero. To find the y-intercept 

we set the input to zero and see what we get. 

For example, for the function above we would get 

 

which would be the y-intercept. We can also confirm this graphically. 



Note: Some rational functions will not have a y-intercept if x= 0 is not in their domain. 

For example 

 

Graphing a Rational Function 

In order to graph a rational function we need to first identify its key characteristics. The 

following list of steps can be used as a guide when you have to create the graph of a rational 

function given its formula. 

 

  

Media Example 9 - Graphing Rational Functions 

Use the six step procedure discussed to graph  

  

 

 

 

 

 

 

  



Media Example 10 - Graphing Rational Functions 

In this example the instructor discusses how to graph a rational function. 

 ( )  
 

(   ) 
 

 

 

 

 

Media Example 11 - Graphing Rational Functions 

In this example the instructor discusses how to graph a rational function with a hole. 

  ( )  
       

      
 

 

  



Section 6.6 - Application of Rational Functions

 

Test Yourself 5 - Rational Function Application 

This application is a Cost-Benefit Model.   A utility company burns coal to generate 

electricity.   The cost C (in dollars) of removing p amount (percent) of the smokestack pollutants 

is given by: 

 

 

  

Is it possible for the company to remove 100 

percent of the pollutants?   Consider why or 

why not, and support your response by using 

algebraic analysis on the given model.   

What happens if the company does try to remove 100 percent of the pollutants? 

 

 

What is the vertical asymptote of the above function? Be sure to write your answer in the form of an 

equation. 

 

 

What is going to happen to the costs as the percentage of pollutants approaches the vertical 

asymptote? 

 

 

According to the model, is it possible to remove 100 percent of the pollutants? 

 

 



Test Yourself 6 - Rational Function Application 

Now let's see if you can create a rational function for a situation. There will be some leading 

questions along the way. 

It costs a gas company $2 to produce each gallon of gas plus there is a $5000 overhead cost. 

 a)  What is the cost function for this gas company? 

 

 

b)  Which function gives the average cost per gallon of gas? 

 

  

 c)   What is the horizontal asymptote of the average cost function? Write your answer as an equation in 

the form C= 

 

 

 

d)  What is the best interpretation of the horizontal asymptote of the average cost function? 

   


