
Lesson 4 

Quadratic Functions 

Introduction 

While linear functions are very easy to work with, they are only applicable if our function has a 

constant (or close to constant) rate of change. What happens if our function does not have a 

constant rate of change? For example, if we invest money into an interest bearing account, we 

would expect the amount we earn in interest to go up each year because the interest is being 

calculated on a higher amount, thus we do not have a constant rate of change. What if we want to 

model the median house price over the past several years? The prices rose, but then went back 

down. This would not be captured by a linear model. 

In this section we begin our investigation of higher order polynomial functions and models with 

a review of quadratic functions. We will examine key characteristics of quadratics such as the 

vertex, axis of symmetry and roots as well as the different forms that a quadratic can be written 

in. We will then examine Quadratic Models and perform Quadratic Regression. 
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Section 4.1 - Changing Rate of Change 

 

To start, let's take a look at a situation where linear may not work so well and see what we can 

do. 

Worked Example 1 - Price/Profit Example 

The following table gives a ticket price a theater can 

charge and the profit they can expect to see over the 

course of a year. What do you notice about the data? 

Does it have a constant rate of change? 

Since the inputs are equally spaced, we can just find 

the difference in the outputs to see if the data is linear. 

This equates to checking for a constant rate of change. 

These are called the first differences. 

 

As we can see from the table above, this data does NOT have a constant rate of change. In fact, it 

goes from increasing to decreasing. A linear model would not be able to capture this behavior. 

We need a function that is both increasing and decreasing. 

Test Yourself 1 - Price/Profit Example 

a.  What would be the units on the first differences? 

 

b.  Write a sentence that interprets the meaning of the first differences. 

 

We will come back to this data, but first we need to discuss what happens when the function 

does not have a constant rate of change.  



Media Example 1 - Concavity 

Now, when we do not have a constant rate of change, our graph has what is called concavity. 

The graph can be concave up, which means it opens upwards, or concave down, which means it 

opens downward.  

Video Notes: 

  

 

 

  

  

  

Test Yourself 2 - Concavity 

 True or False?  Our Data from the Ticket Price above is concave up. 

  

  



Section 4.2 - Vertex, Concavity, and End Behavior 

 

Quadratic Functions 

A polynomial of the form where a ≠ 0 is called a quadratic function. 

The graph of a quadratic function is called a parabola. 

 

So as we can see from above, a parabola can either be concave up or concave down. 

The point where a quadratic goes from increasing to decreasing (or decreasing to increasing) is 

called the vertex. The vertex is an important point on a parabola because it is the maximum (or 

minimum) value that function can achieve. If you draw a vertical line through the vertex, that is 

called the axis of symmetry. It divides the quadratic in half with each side being an exact 

reflection. 

Finding the Vertex 

 

  

 

 

 



Media Example 2 - Finding the Vertex and Axis of Symmetry 

Find the vertex and axis of symmetry of    Draw a rough sketch of the 

results. 

 

  

  

Test Yourself 3 - Characteristics of Parabolas 

a.  If a quadratic is concave up, the vertex is a Minimum, Maximum, or Neither? 

b.  If a parabola is concave up, at a vertex the rate of change changes from: 

1. An increaseing rate of change to a decreasing rate of change. 

2. A decreasing rate of change to an increasing rate of change. 

3. It does not change. 

c.  If a parabola is concave down, the rate of change is: 

1. Always increasing. 

2. Always decreasing. 

3. Constant 

4. Concavity does not tell us anything about the rate of change. 

  

 

End Behavior 

Along with Concavity, the Axis of Symmetry and the Vertex, we also need to be able to 

identify end behavior. This is what the function values do as the input becomes large in both 

the positive and negative direction. For a quadratic, both ends will always go the same 

direction, depending on whether it is concave up or concave down. 

If a > 0, the function goes to positive infinity as x goes to positive infinity and the function 

goes to positive infinity as x goes to negative infinity. We have a short hand notation for this 

called limit notation.  

If a > 0, then and  



If a < 0, then and  

Test Yourself 4 - End Behavior 

 Which answers best describe the end behavior of the following quadratic: 

 

[mark all correct answers] 

 

a.    b.   

 

c.    d.   

 

  



Section 4.3 - Zeros, Roots and x-Intercepts 

 

The x-intercepts of a quadratic are very important. We need to know how to find them and what 

they mean graphically. We also need to know what they are called. Given the context, they are 

identified differently. 

Worked Example 2 - x-Intercepts, Zeros and Roots 

Take a look at the graph of the function:   ( )         . 

It is Concave Up, it's Vertex is at the point C=(-1,-4) 

and it has an axis of symmetry of  x = -1 

It also crosses the horizontal axis at two different 

points.  A = (-3,0) and B = (1,0)    These points can be 

referred to as the x-Intercepts, Zeros or Roots 

depending on the situation. 

x-Intercepts: The term x-Intercepts or Horizontal 

Intercepts is used when reading a graph. 

Problem: Identify the x-Intercepts of the graph to 

the right. 

Solution: The x-Intercepts are at the points (-3,0) 

and (1,0) 

Zeros and Roots: The terms Zeros and Roots both refer to the input values of a Quadratic (if 

any) that result in an output value of Zero. In other words, x=r is a root or zero of a 

polynomial f(x), if it is a solution to the equation f(x) = 0. 

Problem: Identify the zeros (or roots) of the function  ( )         . 

Solution: Since            at x = -3 and x = 1 the zeros of f(x)  are -3 and 1 

  

 

 

 

 

 



Media Example 3 - Identifying the number of real zeros of a quadratic function 

There are 3 possibilities as far as the number of real zeros a quadratic function may have.  

Video Notes: 

  

  

 

  

 

Finding the Real Zeros 

To find the real zeros we have 3 algebraic options: factoring, completing the square, or the 

quadratic formula. 

Factoring 

Factoring involves writing a polynomial expression as a product of factors. If the polynomial 

is not overly complex, factoring provides a simple way to identify the zeros of the function. 

  

Media Example 4 - Finding the Roots of a Function using Factoring 

a. Factor            b.  Factor             

 

 

  

Test Yourself 3 - Solving a Quadratic Equation by Factoring 

 Write           in Factored Form and Identify the Zeros. 

 

 

 

  



 

Completing the Square 

The Softchalk lesson has resources for review of Completing the Square for those who would 

like a refresher.  We will not be covering completing the square in this lesson.   

 

The Quadratic Formula 

 

  

Media Example 5 - The Quadratic Formula 

Apply the quadratic formula to the function  ( )            to find the zeros. 

 

 

  

 

Test Yourself 4 - The Quadratic Formula 

 Use the quadratic formula to find the zeros of            

 

 

  



Section 4.4 - Forms of a Quadratic 

 

Forms of a Quadratic 

We have three forms a quadratic can come in and depending on what information we want 

from the quadratic, one form may be better than another. A quadratic can be represented in 

general form, factored form, or vertex form. We will look at each one of these and why each 

one is useful. 

General Form 

 

The general form of a quadratic is analogous to our general form of a polynomial where the 

terms are written in decreasing powers of x. The advantages of general form are: 

1. We can easily identify the x-intercepts or zeros using the quadratic formula 

2. We can easily identify the vertical intercept 

3. We can easily identify the concavity of the parabola 

Test Yourself 5 - General Form 

 a.  Identify the vertical intercept of the quadratic?  ( )            

 

b.  Is  ( )            Concave Up or Concave Down? 

 

Vertex Form 

 

The Vertex Form of a quadratic displays the quadratic as transformations of our basic 

quadratic, y =ax
2
 , where h is the Horizontal Shift, k is the Vertial Shift and the Vertex is at 

the point (h,k). Advantages of Vertex Form are: 

1. We can easily identify the vertex of the parabola 
 

2. We can easily determine the shape of the parabola 
 

3. We can easily identify the concavity of the parabola 



Test Yourself 6 - Vertex Form 

 a.  Identify the vertex of the quadratic: ( )    (   )    

 

b.  Is  ( )    (   )    Concave Up or Concave Down? 

 

 

Factored Form 

 

The factored form of a quadratic displays the quadratic as a product of its linear factors and 

where r and s are the zeros (roots) of the quadratic. Advantages of factored form are: 

1. We can easily identify the x-intercepts or zeros of the function 

2. We can easily identify the concavity of the parabola 

Test Yourself 7 - Factored Form 

 a.  Identify the zeros of the quadratic: ( )   (   )(   ) 

 

b.  Is  ( )   (   )(   ) Concave Up or Concave Down? 

 

 

 

Switching Between the Forms 

Depending on what we want to do with the quadratic, we may need to switch between the 

forms. For example, if we want to go from general form to factored form we factor. If we 

want to go from factored form to general form we would FOIL. The one that is a little bit 

difficult is going from general form to vertex from. It involves a process called completing 

the square, mentioned earlier in this lesson.  Two examples are included in the Softchalk 

Lesson for review. 

  



Section 4.5 - Quadratic Models 

 

Quadratic Models 

Worked Example 1 - Price/Profit Example (Continued) 

Now, let's return to our data from our theater problem and see how it looks graphically. 

   

So now we can do quadratic regression to see how well a quadratic will fit our data. The steps for 

doing quadratic regression are the same as for linear regression with the only difference being 

when we select the type of regression, we choose QUADREG instead of LINREG. 

Media Example 6 - Quadratic Regression 

 Video Notes: 

 

 

  

Test Yourself 8 - Price/Profit Example 

Perform a Quadratic Regression in your calculator using the data from the Price/Profit Example 

above. What is the quadratic of best fit for this data? 

 

 

 

  



Worked Example 1 - Price/Profit Example (Continued) 

 We can see from the plot of our function with our data that it is 

in fact a good fit. 

We can test for a quadratic fit algebraically as well. Just like we 

use the first differences to test for a linear relationship, we can 

use the second differences to check for a quadratic relationship. 

Here's what they look like for our data. 

 

Now the second differences are not exactly the same, but close enough to tell us that a quadratic 

model would be a good fit. 

  



Section 4.6 - Average Rate of Change (The Difference Quotient) 

 

In Lesson 1, as an introduction to Function Composition, we introduced the Difference Quotient, 

a formula for calculating the slope between two points on a graph. In Lesson 3, we discussed 

calculating the Average Rate of Change between two points of a Non-Linear Function. Now we 

bring the two together as part of a study of Average Rate of Change between points of a 

Quadratic Function. First, let's look at an example of calculating the slope between several fixed 

points. 

Worked Example 3 - Average Rate of Change between set intervals of a Quadratic 

The graph on the left is of the Quadratic Formula   ( )           and is labeled with the 

points A=(0,4), B=(1,6), C=(2,6), D=(3,4) and E=(4,0). Calculate the Average Rate of Change 

(Slope) between the points AB, AC, AD and AE as shown in the graph on the right. 

   

  

Average Rate of Change for AB 

AB =  

Average Rate of Change for AC 

AC =  

Average Rate of Change for AD 

AD =  

Average Rate of Change for AE 

AE =  

Is it possible to come up with a function to simplify the process above, rather than calculating the 

slope repeatedly for different points? The answer is yes, through the use of the Difference 

Quotient.  

 



The Difference Quotient 

Remember that the Difference Quotient is:  . Let's apply this to our original 

Quadratic  ( )              and examine the results.  

Worked Example 4 - Average Rate of Change between set intervals of a Quadratic using the 

Difference Quotient 

 

Find  Given 

 

  

  

 

 

  

 

That's a lot of work. But what we get as a result is the Difference Quotient -2x-h+3. We can now 

use that expression to calculate the Average Rate of Change between any two points of our 

Quadratic. Following the example above, let's calculate the Averate Rate of Change (Slope) 

between the points AB, AC, AD and AE. Note that for each of these, x=0 because the point we 

are starting at is A=(0,4) and h = the horizontal distance from A to each point. 

For example, when calculating the Average Rate of Change for AB, the horizontal distance, 'h', 

between A and B is 1 (note this is simply the difference in x values). Substituting x= 0 and h=1, 

we get: AB =  

 



Difference Quotient =  

The Average Rate of Change for AB 

AB  =  

The Average Rate of Change for AC  

AC =  

The Average Rate of Change for AD  

AD  

The Average Rate of Change for AE  

AE =  

Media Example 7 - Calculating the Difference Quotient 

Finding the Difference Quotient is a complex process. But the end result is very valuable in 

many situations. This Video shows another example of calculating the Difference Quotient. 

Video Notes: 

 

  

  



Section 4.7 - Checking Your Understanding 

 

Test Yourself 9 - Properties of Quadratics 

 Draw a quadratic that would have the properties a < 0 and c > 0 

 

 

  

Test Yourself 10 - Properties of Quadratics 

This scenario relates to the quiz group that follows: 

A ball is launched straight up from a bridge and is given by the following function which gives 

the height of the ball (in feet) as a function of the time (in seconds) from which it is launched. 

 

Answer the following questions:  Be sure to include units in your answers. 

a.  How high is the bridge? 

 

b.  When does the ball reach its maximum height? 

 

c.  What is the maximum height the ball reaches? 

 

d.  When does the ball return to the same height from which is was launched (i.e. the height of 

the bridge)? 

 

e.  When does the ball hit the ground? 

  

 

   


