
MAT 150 Lesson 2 - Transformations 

Introduction 

Now that we have discussed functions, we will discuss how we can change, or transform, 

functions and generalize those into transformations of functions. In this lesson we will look at the 

major types: shifts, reflections and scalings. We will look at how these transformations can be 

applied to a function to create new functions that have the same general characteristics as the 

original. 

OUTLINE 

Lesson Topics 

 Section 2.1 Composition of Functions 

 Section 2.2 Vertical and Horizontal Shifts of Functions 

 Section 2.3 Reflections 

 Section 2.4 Scalings 

 Section 2.5 Transforming Any Function 

 Section 2.6 Check Your Understanding 

  

  



Section 2.1 Composition of Functions 

 

Before we discuss transformations of functions, we will look at composing functions. We will 

revisit this topic in more detail later this semester, but we will touch on it here. 

Suppose we wanted to create a function that would calculate the cost of heating our house as a 

function of the amount of energy used. We would have C = f(E) (Figure A) where E is the 

amount of energy used to heat our house and C is the resulting cost. Well, the amount of energy 

used is going to be dependent on the outside temperature, so we could create a function that 

would give us the amount of energy used as a function of the outside temperature, T, say E = 

g(T) (Figure B). 

   

Well, what if we wanted to know what the cost of heating our bill would be for a certain 

temperature, we could input the temperature into our function g, get the energy required, and 

then we could take that amount of energy and input it into our function f to get the resulting cost. 

This 2 step process would take us from temperature to cost (Figure C). 

 

If we compose the two functions, we would turn this 2 step process into a 1 step process. We can 

create a new function, call it h, that uses our function g as an input to our function f. In other 

words, C = h(T) = f(g(T)). Notice that g(T) is the input to function f. What we get is the function 

h which takes temperature as an input and gives cost as an output. This is the basic idea behind 

composing two functions (Figure D). 

  



Media Example 1 - Function Composition 

For now we are just going to discuss using a function as the input for another function. We will 

work on the resulting algebra later this semester when we focus on function composition. 

 Given  ( )            and   ( )      ,  find   ( ( ))  and   ( ( ))  without 

simplification. 

 

 

 

Worked Example 1 - Function Composition  

Given  

Find the following compositions (do not simplify).  First one is given as an example. 

 

      

      

  

Test Yourself 1 - Function Composition  

1.  In the composition h(x) = f(g(x)),  g(x) is being used as the input for the function f.  True or 

False? 

2.  Given  ( )        and  ( )        find  ( ( )) 

 

3.  Given  ( )        and  ( )        find  ( ( )) 

 

That was just a short little intro into compositions, we will discuss them further later this 

semester. We are now going to move on to transformations of functions and you will see how we 

can view transformations as compositions! 



Section 2.2 - Vertical and Horizontal Shifts of Functions 

 

Shifts  

Media Example 2 - Vertical Shifts 

First let's take a look at vertical shifts. Watch the video and complete the table and graph below. 

X f(x)    

-1 -4    

0 2    

1 5    

2 3    

3 8    

4 6    

 

Now let's generalize what we saw in the video into rules. 

 

Notice that to move a graph up k units, k is simply added to the end of the function. This adds k 

to all the k-values which shifts the graph up k units.  

Test Yourself 2 - Vertical Shifts 

Given the graph of f(x), draw a graph to the right which best represents f(x) +2 

  



Media Example 3 - Horizontal Shifts 

Horizontal shifts initially look similar to vertical shifts, but we need to pay attention to where the 

change is taking place. With vertical shifts the change took place on the output. For horizontal 

shifts it will take place on the input. Take a look at this short video to see what this looks like. 

Let's take a look at horizontal shifts. Watch the video and complete the table and graph below. 

X f(x)    

-1 -4    

0 2    

1 5    

2 3    

3 8    

4 6    

 

Now let's generalize this into rules. 

 

Notice how we are inputting x + h (or x - h) into our function f, thus we can think of a horizontal 

shift being created by a composition in which the function x + h (or x - h) is being used as the 

input to function f.  

Test Yourself 3 - Horizontal Shifts 

 Given the graph of f(x), draw a graph to the right which best represents f(x +2) 

  



Media Example 4 - Transformations 

In this Media Example, the instructor graphed the following Transformations.  Watch enough of 

the video to be able to draw a rough graph of each.   

a)    
 

 
   

 

 

b)    
 

   
 

 

 

c)    
 

   
   

 

  

  



Section 2.3 - Reflections 

 

Media Example 5 - Reflections 

 Graphs of functions can be reflected over both the x-axis and the y-axis. Watch the video and 

complete the table and graph below. 

X f(x)    

-1 -4    

0 2    

1 5    

2 3    

3 8    

4 6    

Let's generalize rules for reflections. 

 

NOTE: If the f(-x) looks familiar, that is because we saw it in the functions lesson. Recall that a 

function is even if f(-x) = f(x). Therefore, if a function is reflected about the y-axis and appears 

exactly the same, it is an even function.  

Test Yourself 4 - Reflections 

 Given the graph of f(x), draw a rough graph below which best represents -f(x). 

  



Section 2.4 - Scalings 

 

Media Example 6 - Vertical Scalings 

We can both stretch and compress the graph of a function by multiplying that function by a 

constant. Watch the video and complete the table and graph below.  

X f(x)    

-1 -4    

0 2    

1 5    

2 3    

3 8    

4 6    

 

Now let's generalize this into rules. 

 

 

 

 

  

Test Yourself 5 - Vertical Scaling 

 Given the graph of f(x), draw a rough graph below which best represents 2f(x). 

 



Media Example 7 - Horizontal Scaling 

The graph of a function can also be scaled horizontally.  Watch the video and complete the table 

and graph below.  

X f(x)    

-4 -5    

-2 -4    

0 2    

2 5    

4 3    

6 8    

8 6    

 

Now let's generalize this into rules. 

 

Notice how we are inputting 2kx into our function f, thus we can think of a horizontal scaling 

being created by a composition in which the function 2kxis being used as the input to function f. 

Why 1/k? 

In our rules for horizontal scalings, the factor is 1/k instead of k. The reason is because 

multiplying the input by a factor does the opposite of what we would expect. For example, if we 

had the function y = f(x), than f(4x) would be a horizontal compression of our original graph. 

Since it is being compressed, it makes sense to say it is being compressed by a factor of 1/4th (as 

opposed to a factor of 4, which does not sound like a compression). 



Test Yourself 6 - Horizontal Scaling 

 Given the graph of f(x), draw a rough graph below which best represents f(2x). 

 

  

  



Section 2.5 - Transformations of Functions 

 

We have now looked at all the transformations individually. Putting them all together we get 

   

Worked Example 2 - Transformations 

Write an equation for the transformed quadratic to the 

right. 

Step 1. Determine the type of function. 

Step 2. List the types of transformations that need to 

be applied. 

Step 3. Horizontally Shift the Function.  Write the 

resulting Function 

Step 4. Vertically Shift the Function.  Write the resulting Function 

Step 5. Reflect the Function.  Write the resulting Function 

Step 6. Compress the Function.  Write the resulting Function.  Draw a graph of the 

finished product. 

  



Now you shift your own Quadratic!!! 

Virtual Manipulative 1 - Transforming a Function 

Use the sliders to transform the parent function  . NOTE:  

Write down the resulting transformed function (In Function Notation) and draw a rough graph of your results.  Draw 
the original function using a dotted line and the new function using a solid line. 

 

 

 

 

 

 

  

Media Example 8 - Transforming a Function 1 

 

 Write down the final formula and draw a graph of the results.  

Media Example 9 - Transforming a Function 2 

 Watch the video on Transformations.  If you have any questions, note them here. 

 

  

  



Section 2.6 - Transforming Any Function 

 

Recall that we have generalized our transformations for any function f(x) into the following 

 

Now you have the opportunity to apply these transformations to any function you want!. In the 

following applet you can input your own function and see how the transformations affect the 

graph. 

Virtual Manipulative 2 - Creating and Transforming a Function 

Use the Virtual Manipulative to create your own function.  Write the function and draw a rough 

graph of it on the right.  Then use the sliders to change up your function.  Make sure you do 

several types of transformations.  When you are done, write down the new function and draw a 

rough graph of it on the left. 

 

 

 

 

  

Test Yourself 7 - Transformations 

1.  Given the parent function f(x), f(x-2) will shift the graph left 2 units.  True or False? 

2.  Given the parent function f(x), f(x) - 2 will shift the graph down 2 units.  True or False? 

3.  Given the parent function f(x), 2f(x) will vertically stretch the graph by a factor of 2.  True or False? 



4.  Given the parent function f(x), f(2x) will horizontally stretch the graph by a factor of 2.  True or False? 

Worked Example 3 - Transformations in Words 

Now that we have seen what transformations on a function do graphically, let's take a shot at 

interpreting them in a context. 

The new breakfast shop around the corner has created a function that gives the sales of a new 

breakfast sandwhich, S, as a function of the price, p in dollars. So S = f(p). Interpret the following 

in this context. 

 

 

 

 

  



Section 2.7 - Check Your Understanding 

 

Test Yourself 8 - Transforms as Graphs 

 Given the graph of f(x), draw a rough graph below which best represents -f(1/2x+1)+1. 

 

Test Yourself 9 - Transforms in Words 

1. Given that the function f(x) gives the cost of producing x computers, what is  the best 

interpretation of 2f(x). 

 

 

2.  Given that the function f(x) gives the cost of producing x computers, what is the best 

interpretation of f(2x). 

  

   


