
MAT 150 Lesson 1: Functions 

Introduction 

The world is full of relationships: the distance traveled during a trip is related to the time 

traveled; the cost of producing goods is related to the number of goods produced; the amount of 

success in a course is related to the amount of study time put into the course, to name a few. It is 

advantageous to have some kind of model representing these relationships.   

Often in mathematics the relationship between two or more interdependent quantities is 

represented by a function. A few goals of this section will be learning to distinguish whether or 

not a relationship is a function, learning to represent a relationship by a function, and becoming 

familiar with the mathematical notation commonly associated with functions. 

The process of translating a real world problem situation into a usable mathematical equation or 

formula is called mathematical modeling. For example, in business it is important to know how 

many units to produce to maximize profit. Thus if we can model our profits as a function of the 

number of units produced, we can use our model to determine how many products will maximize 

our profit. 

Click below for the outline to the Functions lesson 
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Section 1.1 Functions 

 

Whether or not a relationship is a function is based on the definition of a function: 

 

 In mathematics, a function is often used to represent the dependence of one quantity upon 

another 

 Sometimes the input of the function is referred to as the independent variable and the 

output of the function the dependent variable 

 Note: the output does not have to depend on the input in order to have a function 

 Functions can be in one of four forms: a table, a graph, algebraic, or in words 

Worked Example 1 - Function Representation using a Table  

Let's take a look at an example of a function using a table: 

Gallons Pumped Total Cost 

5 $12.50 

10 $25.00 

15 $37.50 

20 $50.00 

In this case, the input to the function is gallons pumped and the output is the total cost. Notice 

that for each number of gallons pumped (input), there is a unique total cost (output). Thus we can 

say that the total cost is a function of the number of gallons pumped.  

Test Yourself 1 - Is it a Function?  

 What if the total cost was the input and gallons pumped was the output, would that be a 

function? 

1.  Gallons pumped is a function of Total Cost.  True or False? 

2.  Which of the following tables are functions? 

 



Section 1.2 Inputs and Outputs, Domain and Range 

 

Inputs and Outputs: Domain and Range 

There is some terminology associated with functions that we should be familiar with as well. 

Input and Output 

Input 

 All inputs that yield an output are elements of the domain of the function 

 Inputs are conventionally plotted along the horizontal axis of a graph 

 Input values are known when collecting data 

Output 

 The values yielded by the inputs comprise the range of the function 

 Outputs are conventionally plotted along the vertical axis of a graph 

 Its values are specific values based on the input 

Domain and Range 

The set of all possible values of the independent variable, or input, of a function is called the 

domain. The set of all possible values of the dependent variable, or output, of a function is call 

the range.  

Media Example 1 - Domain and Range 

  



Media Example 2 - Interval Notation Reveiew 

In the previous example and the ones that follow, the Domain and Range are expressed in Interval Notation. The 
following video shows several more examples on how to write Interval Notation. 

  

   

Media Example 3 - Function Representation using a Graph  

 

  

 

 

 

Several families of functions have a domain of all real numbers. We will encounter several 

situations this semester that will restrict our domain to some subset that does not include all real 

numbers. They are: 

1. A zero in the denominator 

2. The square root (radical) of a negative number 

3. The context of a problem 

4. Zero or negative in the argument of a logarithmic function  



Worked Example 2 - Identifying the Domain 

What is the domain of the following functions? 

  ( )  
    

    
 

 

  ( )  √     
 

 The revenue, R, from the sale of gasoline is given by the formula R = 2.29x, where x is the number of 
gallons. 

Test Yourself 2 - Identifying Domains  

 1.  Identify the Domain of the following functions in Interval Notation. 

 ( )  
    

    
     ( )  √       ( )  

 

√   
 

 

  



Section 1.3 Function Notation 

 

As we can observe in the previous example, the notation of f(x) is often used to denote the 

algebraic form of a function 

 It is read "f of x," meaning the output value of the function f evaluated at the input x is f(x) 

 The parentheses in this notation DO NOT mean multiplication 

 Actually, any combination of letters can be used in function notation, for example we 

could use h(x) or p(q) 

For example: If we were writing a function that described the area of a square in terms of the 

length of a side, we may choose A(s) to mean the area is A when the side is a length of s. 

  

Worked Example 3 - Function Notation 

Let's take a look at how we would find an output for a given input from a function that is 

represented by a table. In the following table the input, x, is the number of quarters put into a 

video game and the output is how many lives you get for that number of quarters. 

 

x g(x) 

1 3 

2 7 

3 11 

4 16 

 

Find and interpret the following: 

a. g(2) =  

b. Determine x when g(x) = 16 

 

Media Example 4 - Evaluating Functions  

Now, let's consider how we would determine an output value for a given input from a function 

that is represented algebraically. 

Given  ( )           ind the outputs of the function h at the given inputs. 

 ( )        (   )   

 

 (   )       (   )    ( )   

 

 



Media Example 5 - Function Representation as Mappings 

Use the diagram to the write to illustrate mapping the 

function       

  

 

 

 

 

 

 

Media Example 6 - Using Mapping to determine if a Relationship is a Function  

Does the following Mapping Represent a Function? 

 

 

  

 

 

Test Yourself 3 - Function Notation 

 Do the following mappings represent a Function.   

 

True or False    True or False 

7 

-2 

0 

5 

 

3 

-1 

4 

 

 



Section 1.4 - Toolkit Functions 

 

In this course we will be exploring functions - the shapes of their graphs, their unique features, 

their equations and how to solve problems with them. When learning to read we start with the 

alphabet; when learning to do arithmetic we start with numbers, thus when learning to work with 

functions we should start with some base set to build from. We will refer to these as our "toolkit 

of functions". Many of the functions we will deal with this semester can be seen as a 

combination, transformation, or composition of these base functions. 

Basic Toolkit Functions 

 

Graphs of Toolkit Functions 

As mentioned above, analyzing the graph of a function is helpful in understanding its behavior. 

Here are the graphs of our toolkit functions. You can rollover the image to read a little about 

what makes each graph interesting. Some of the terms used won't be covered until later in the 

semester. 

     



     

     

Test Yourself 4 - Toolkit Functions  

1.  Which type of function has a constant rate of change? 

 

 

2.  Which type of function will occasionally have a vertical asymptote? 

 

 

3.  Which type of function has a graph shaped like a 'V'? 

  

  



Section 1.5 - Function Arithmetic and Piece-Wise Functions 

 

On the last page in example 3, was given as a single function. We could 

have just as easily thought of it as a combination of several functions put together via the same 

arithmetic rules we have for real numbers. In fact, if we had the following 

and   

Then we could have combined them in the following way to get h(x): 

 

Thus we can create new functions by adding, subtracting, multiplying and dividing functions. 

 

It is important when performing arithmetic with functions that you attend to the domain 

restrictions of both the original functions, and the resulting function. Notice that when you divide 

two functions, you must also make sure there are no inputs that make the denominator 0.  

Media Example 7 - Function Arithmetic  

Use the functions and to evaluate each of the following:  

a)  b)  c)  
d)  

  

  



Media Example 8 - Difference Quotient  

As another example of Function Arithmetic, we introduce a concept we will see occasionally in 

this class and you will see often in calculus, the difference quotient. The difference quotient is 

used to calculate the slope between two points on a graph given a function  ( )  

 

Let  ( )      , find  
 (   )  ( )

 
   

 

 

 

 

 

 

Test Yourself 5 - Function Arithmetic 

 1.  Solve each of the following using the functions:  ( )  √       ( )            ( )  
 

 
 

  (   )( )   

 (   )( )   

 (  )(  )   

 (
 

 
) ( )   

 

2.  What is the domain of (   )( )     

 

 

 



Piecewise Defined Function 

A piecewise defined function is a function whose definition changes depending on the value of 

the independent variable. In otherwords, it is a function made of of different "pieces". 

The following is an example of a piecewise defined function: 

 

Notice that there are two "pieces", one for when the x value is less than 1, and one when the x 

value is greater than or equal to 1.   

Media Example 9 - Function Arithmetic  

1.  Suppose f is a function that takes a real number, x, and performs the following steps in the order given: 

1. Add 4 
2. Take the square root 
3. Subtract 5 
4. Divide into 10 

Find an expression for f(x) and state the domain of f using interval notation. 

 

 

2.  Let  ( )  
  

   
  Find and simplify the following: 

(a)  f(-1)  (b)  f(7x)  (c)  7f(x)  (d)  f(x-1) 

 

 

 

 

3.  Let  ( )  {
          

         
 Find (f-2), f(-4), f(-5) 

 

  

 

 



Test Yourself 6 - Piecewise Functions 

MATCHING 

Use the following function to evaluate each of the following: 

 

  (  )        ( )   

 

 ( )        ( )    

  



Section 1.6 - Graphs of Functions 

 

As mentioned earlier, functions can come in 4 representations. In this section we are going to 

take a deeper look at the graphical representation of functions. 

 

It is often very useful to look at the graphical representation of a function to determine behavior, 

trends and characteristics. First, we need to know whether or not a given graph is a function.  

Media Example 10 - Vertical Line Test 

What if a function is represented by a graph? 

How can we determine whether or not the 

relationship is a function? 

 

 

 

 

  

Media Example 11 - Inputs and Outputs from a Graph 

Using the following video, let's take a look at how 

we would find an output for a given input from a 

function that is represented by a graph. 

 

 

  

  

 

 



Media Example 12 - Graphing a Piecewise Defined Function  

Graph the following piecewise defined functions: 

 

  

  

  



Section 1.7 - Graphical Behavior 

 

In order to discuss the behavior of graphs, we need some terminology. 

Zeros/Roots 

First we have the x-intercept which is where the graph hits the x-axis. 

 

Many graphs will also have a y-intercept which is where the graph intersects the y-axis. Thus, the 

graph would go through the point (0,y). 

Increasing/Decreasing 

Identifying where a function is increasing and decreasing is very important. 

 

When looking at a graph, read it from left to right. If it goes up as you look from left to right it is 

increasing, if it goes down as you look from left to right it is decreasing. 

Extrema 

The extrema of a function refer to its local and absolute maximums and minimums. 

 



It's important to know the difference between a local maximum (or minimum) and a maximum 

(or minimum). The maximum refers to the largest value of the function over its domain where as 

a local maximum is simply a larger value than the points around it.  

Virtual Manipulative 1 - Graphical Behavior  

 Draw a rough sketch of the graph from the Mini-Lesson and identify each of the Extrema 

 

 

   

  

Test Yourself 7 - Graphical Behavior  

In the graph to the right, identify the following: 

1.  Where the graph is increasing 

2.  Where the graph is decreasing 

3.  One relative Maxima 

4.  One relative Minima 

  

   

  

Media Example 13 - Graphical Behavior 

 

 

 

  



Section 1.8 - Modeling in Business 

 

Since occasionally the context of our problems will be business applications, this section will 

discuss some of the basic terms of the business world and begin to demonstrate how they are 

modeled. 

Fixed Costs - Sometimes called overhead costs, these are the expenses that are not dependent on 

that activities of the business. They do not change in proportion to the activity to the business. 

These include items such as rent, some utility bills, and basic equipment. 

Variable Costs - In contrast to fixed costs, these are volume-related and are paid 

per quantity. These costs change in proportion to the activity of a 

business. These include the raw materials and electricity needed to 

produce goods. 

Total Cost - The sum of fixed and variable costs. This is the total 

economic cost of production. 

Average Cost - This is the cost per good and is calculated by dividing the total cost by the 

number of goods corresponding to that cost 

Revenue - This is the income that a business receives from its normal business activities. 

Revenue is typically from the sale of goods and services and is thus dependent on the number of 

goods or amount of services sold. 

Profit - This is the difference between revenue and total cost and is calculated by Profit = 

Revenue - Cost. 

Break Even Point - This is where revenue is equal to the total cost or equivalently, profit is 0. A 

business that is earning a profit of 0 is said to be operating at its break even point. 

 

 

  



Combinations of Functions 

Often we have revenue as a function of the number of units produced, say R(x), and cost as a 

function of the number of units produced, say C(x). In such a case, both the revenue and total 

cost are functions of the number of units produced. We can find profit as a function of the 

number of units produced by subtracting the two functions. 

P(x) = R(x) - C(x) 

This is a combination of functions. We can also add, multiply and divide 2 (or more) functions to 

create a new function.  

Media Example 14 - Cost, Revenue, Profit  

You decide to begin selling ice cream cones at the local park. Your cost for each ice cream cone 

is $0.73 plus you have to pay a fixed weekly fee of $130 for the booth. Your plan is to sell each 

ice cream cone for $2.67. 

1. Write a function, C(n), to represent your total costs for the week if you sell  ice cream 

cones. 

 

  
 

2. Write a function, R(n), to represent the revenue from the sale of  ice cream cones 

during the week. 

 

   
 

3. Write a function, P(n), that represents the profits for selling  ice cream cones in a given 

week. 

 

  

  

  



Section 1.9 - Check Your Understanding 

 

Test Yourself 8 - Writing Functions  

A business has an overhead cost of $3,000 and it costs $5 to produce each item. Write a function, 

T(x), that gives the total cost as a function of the number of units, x, produced. 

 

 

 

 

Test Yourself 9 - Domain and Range 

 Identify the Domain of the function  ( )    √     

  

 

 

 

Test Yourself 10 - Evaluating Functions  

1.   The function  ( )             gives the height above the water of a cliff diver (in feet) 

t seconds after jumping off the cliff. Calculate h(2).   

 

 

 

2.  Write a statement that accurately describes the meaning of h(2)=36 in the context of the cliff 

diver problem? 

  

 


