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Chapter 2

Introduction to Variable as
an Unknown Quantity

The study of expressions, equations, and functions is the basis of mathematics. Each mathematical subject
requires knowledge of manipulating equations to solve for a variable. Careers such as automobile accident
investigators, quality control engineers, and insurance originators use equations to determine the value of
variables.

Functions are methods of explaining relationships and can be represented as a rule, a graph, a table, or in
words. The amount of money in a savings account, how many miles run in a year, or the number of trout
in a pond are all described using functions.
Throughout this chapter, you will learn how to choose the best variables to describe a situation, simplify
an expression using the Order of Operations, describe functions in various ways, write equations, and solve
problems using a systematic approach.

2.1 Variable Expressions
Who Speaks Math, Anyway?

When someone is having trouble with algebra, they may say, ‘‘I don’t speak math!” While this may seem
weird to you, it is a true statement. Math, like English, French, Spanish, or Arabic, is a secondary language
that you must learn in order to be successful. There are verbs and nouns in math, just like in any other
language. In order to understand math, you must practice the language.
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A verb is a ‘‘doing” word, such as running, jumps, or drives. In mathematics, verbs are also ‘‘doing” words.
A math verb is called an operation. Operations can be something you have used before, such as addition,
multiplication, subtraction, or division. They can also be much more complex like an exponent or square
root.
Example: Suppose you have a job earning $8.15 per hour. What could you use to quickly find out how
much money you would earn for different hours of work?
Solution: You could make a list of all the possible hours, but that would take forever! So instead, you let
the ‘‘hours you work” be replaced with a symbol, like h for hours, and write an equation such as:

amount o f money = 8.15(h)

A noun is usually described as a person, place, or thing. In mathematics, nouns are called numbers and
variables. A variable is a symbol, usually an English letter, written to replace an unknown or changing
quantity.

Example: What variables would be choices for the following situations?
a. the number of cars on a road
b. time in minutes of a ball bounce
c. distance from an object
Solution: There are many options, but here are a few to think about.
a. Cars is the changing value, so c is a good choice.
b. Time is the changing value, so t is a good choice.
c. Distance is the varying quantity, so d is a good choice.

Why Do They Do That?
Just like in the English language, mathematics uses several words to describe one thing. For example,
sum, addition, more than, and plus all mean to add numbers together. The following definition shows an
example of this.
Definition: To evaluate means to follow the verbs in the math sentence. Evaluate can also be called
simplify or answer.
To begin to evaluate a mathematical expression, you must first substitute a number for the variable.
Definition: To substitute means to replace the variable in the sentence with a value.
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Now try out your new vocabulary.
Example: EVALUATE 7y − 11, when y = 4.
Solution: Evaluate means to follow the directions, which is to take 7 times y and subtract 11. Because y
is the number 4,

7 × 4 − 11 We have “substituted” the number 4 for y.

28 − 11 Multiplying 7 and 4
17 Subtracting 11 from 28
The solution is 17.

Because algebra uses variables to represent the unknown quantities, the multiplication symbol × is often
confused with the variable x. To help avoid confusion, mathematicians replace the multiplication symbol
with parentheses ( ), the multiplication dot ·, or by writing the expressions side by side.
Example: Rewrite P = 2 × l + 2 × w with alternative multiplication symbols.
Solution: P = 2 × l + 2 × w can be written as P = 2 · l + 2 · w
It can also be written as P = 2l + 2w.
The following is a real-life example that shows the importance of evaluating a mathematical variable.
Example: To prevent major accidents or injuries, these horses must be fenced in a rectangular pasture. If
the dimensions of the pasture are 300 feet by 225 feet, how much fencing should the ranch hand purchase
to enclose the pasture?
Solution: Begin by drawing a diagram of the pasture and labeling what you know.

To find the amount of fencing needed, you must add all the sides together;

L + L + W + W.

By substituting the dimensions of the pasture for the variables L and W, the expression becomes

300 + 300 + 225 + 225.

Now we must evaluate by adding the values together. The ranch hand must purchase 1,050 feet of fencing.
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Practice Set
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
same in both. CK-12 Basic Algebra: Variable Expressions (12:26)

Figure 2.1: (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/479

In 1 – 4, write the expression in a more condensed form by leaving out a multiplication symbol.

1. 2 × 11x
2. 1.35 · y
3. 3 × 1

4
4. 1

4 · z

In 5 – 9, evaluate the expression.

5. 5m + 7 when m = 3.
6. 1

3(c) when c = 63.
7. $8.15(h) when h = 40.
8. (k − 11) ÷ 8 when k = 43.
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9. Evaluate (−2)2 + 3( j) when j = −3.

In 10 – 17, evaluate the expressions. Let a = −3, b = 2, c = 5, and d = −4.

10. 2a + 3b
11. 4c + d
12. 5ac − 2b
13. 2a

c−d
14. 3b

d
15. a−4b

3c+2d
16. 1

a+b
17. ab

cd

In 18 – 25, evaluate the expressions. Let x = −1, y = 2, z = −3, and w = 4.

18. 8x3

19. 5x2
6z3

20. 3z2 − 5w2

21. x2 − y2

22. z3+w3

z3−w3

23. 2x2 − 3x2 + 5x − 4
24. 4w3 + 3w2 − w + 2
25. 3 + 1

z2

In 26 – 30, choose an appropriate variable to describe each situation.

26. The number of hours you work in a week
27. The distance you travel
28. The height of an object over time
29. The area of a square
30. The number of steps you take in a minute

In 31 – 35, underline the math verb(s) in the sentence.

31. The product of six and v
32. Four plus y minus six
33. Sixteen squared
34. U divided by 3 minus eight
35. The square root of 225

In 36 – 40, evaluate the real-life problems.

36. The measurement around the widest part of these holiday bulbs is called their circumference. The
formula for circumference is 2(r)π, where π ≈ 3.14 and r is the radius of the circle. Suppose the radius
is 1.25 inches. Find the circumference.

37. The dimensions of a piece of notebook paper are 8.5 inches by 11 inches. Evaluate the writing area
of the paper. The formula for area is length × width.

38. Sonya purchases 16 cans of soda at $0.99 each. What is the amount Sonya spent on soda?
39. Mia works at a job earning $4.75 per hour. How many hours should she work to earn $124.00?
40. The area of a square is the side length squared. Evaluate the area of a square with side length 10.5

miles.
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Figure 2.2: Christmas Baubles by Petr Kratochvil

2.2 Patterns and Expressions
In mathematics, especially in algebra, we look for patterns in the numbers that we see. Using mathematical
verbs and variables studied in previous lessons, expressions can be written to describe a pattern.
Definition: An algebraic expression is a mathematical phrase combining numbers and/or variables
using mathematical operations.

Consider a theme park charging admission of $28 per person. A rule can be written to describe the
relationship between the amount of money taken at the ticket booth and the number of people entering
the park. In words, the relationship can be stated as ‘‘The money taken in dollars is (equals) twenty-eight
times the number of people who enter the park.”
The English phrase above can be translated (to write in another language) into an algebraic expression.
Using mathematical verbs and nouns learned from previous lessons, any sentence can be written as an
algebraic expression.
Example 1: Write an algebraic expression for the following phrase.
The product of c and 4.
Solution: The verb is product, meaning ‘‘to multiply.” Therefore, the phrase is asking for the answer
found by multiplying c and 4. The nouns are the number 4 and the variable c. The expression becomes
4 × c, 4(c), or using shorthand, 4c.
Example 2: Write an expression to describe the amount of revenue of the theme park.
Solution: An appropriate variable to describe the number of people could be p. Rewriting the English
phrase into a mathematical phrase, it becomes 28 × p.
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Using Words to Describe Patterns
Sometimes patterns are given in tabular format (meaning presented in a table). An important job of
analysts is to describe a pattern so others can understand.
Example 3: Using the table below, describe the pattern in words.

− 1 0 1 2 3 4
− 5 0 5 10 15 20

Solution: We can see from the table that y is five times bigger than x. Therefore, the pattern is that the
‘‘y value is five times larger than the x value.”
Example 4: Using the table below, describe the pattern in words and in a expression.
Zarina has a $100 gift card and has been spending money in small regular amounts. She checks the balance
on the card weekly, and records the balance in the following table.

Table 2.1:

Week # Balance ($)
1 100
2 78
3 56
4 34

Solution: Each week the amount of her gift card is $22 less than the week before. The pattern in words
is – ‘‘the gift card started at $100 and is decreasing by $22 each week.”
The expression found in example 4 can be used to answer many situations. Suppose, for instance, that
Zarina has been using her gift card for 4 weeks. By substituting the number 4 for the variable w, it can be
determined that Zarina has $12 left on her gift card.
Solution:

100 − 22w

When w = 4, the expression becomes

100 − 22(4)
100 − 88
12

After 4 weeks, Zarina has $12 left on her gift card.

Practice Set
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
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same in both. CK-12 Basic Algebra: Patterns and Equations (13:18)

Figure 2.3: Patterns and Equations (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/709

For exercises 1 – 15, translate the English phrase into an algebraic expression. For the exercises without a
stated variable, choose a letter to represent the unknown quantity.

1. Sixteen more than a number
2. The quotient of h and 8
3. Forty-two less than y
4. The product of k and three
5. The sum of g and -7
6. r minus 5.8
7. 6 more than 5 times a number
8. 6 divided by a number minus 12
9. A number divided by -11
10. 27 less than a number times four
11. The quotient of 9.6 and m
12. 2 less than 10 times a number
13. The quotient of d and five times s
14. 35 less than x
15. The product of 6, -9, and u

In exercises 16 – 24, write an English phrase for each algebraic expression

16. J − 9
17. n

14
18. 17 − a
19. 3l − 16
20. 1

2(h)(b)
21. b

3 + z
2

22. 4.7 − 2 f
23. 5.8 + k
24. 2l + 2w

In exercises 25 – 28, define a variable to represent the unknown quantity and write an expression to describe
the situation.
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25. The unit cost represents the quotient of the total cost and number of items purchased. Write an
expression to represent the unit cost of the following: The total cost is $14.50 for n objects.

26. The area of a square is the side length squared.
27. The total length of ribbon needed to make dance outfits is 15 times the number of outfits.
28. What is the remaining amount of chocolate squares if you started with 16 and have eaten some?
29. Describe a real-world situation that can be represented by h + 9.
30. What is the difference between 7

m and
m
7 ?

In questions 31 – 34, write the pattern of the table: a) in words and b) with an algebraic expression

31. Number of workers and number of video games packaged

People 0 1 2 5 10 50 200
Amount 0 65 87 109 131 153 175

32. The number of hours worked and the total pay

Hours 1 2 3 4 5 6
Total Pay 15 22 29 36 43 50

33. The number of hours of an experiment and the total number of bacteria

Hours 0 1 2 5 10
Bacteria 0 2 4 32 1024

34. With each filled seat, the number of people on a Ferris wheel double.
(a) Write an expression to describe this situation
(b) How many people are on a Ferris wheel with 17 seats filled?

35. Using the theme park situation from the lesson, how much revenue would be generated by 2,518
people?
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2.3 Combining Like Terms
Simplify Sums and Differences of Single-Variable Expressions
In the last lesson you learned how to write single-variable expressions and single variable equations. Now
you are going to learn to work with single-variable expressions. The first thing that you are going to learn
is how to simplify an expression.
What does it mean to simplify?
To simplify means to make smaller or to make simpler. When we simplify in mathematics, we aren’t
solving anything, we are just making it smaller.
How do we simplify expressions?
Sometimes, you will be given an expression using variables where there is more than one term. A term is
a number with a variable. Here is an example of a term.
4x

This is a term. It is a number and a variable. We haven’t been given a value for x, so there isn’t anything
else we can do with this term. It stays the same. If we have been given a value for x, then we could
evaluate the expression. You have already worked on evaluating expressions.
When there is more than one LIKE TERM in an expression, we can simplify the expression.
What is a like term?
A like term means that the terms in question use the same variable.
4x and 5x are like terms. They both have x as the variable. They are alike.
6x and 2y are not like terms. One has an x and one has a y. They are not alike.

We can simplify expressions with like terms. We can simplify the sums and differences of
expressions with like terms. Let’s start with sums. Here is an example.
Example

5x + 7x

First, we look to see if these terms are alike. Both of them have an x so they are alike.
Next, we can simplify them by adding the numerical part of the terms together. The x stays
the same.

5x + 7x

12x

You can think of the x as a label that lets you know that the terms are alike.
Let’s look at another example.
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Example

7x + 2x + 5y

First, we look to see if the terms are alike. Two of the terms have x’s and one has a y. The
two with the x’s are alike. The one with the y is not alike. We can simplify the ones with
the x’s.
Next, we simplify the like terms.

7x + 2x = 9x

We can’t simplify the 5y so it stays the same.

9x + 5y

This is our answer.
We can also simplify expressions with differences and like terms. Let’s look at an example.
Example

9y − 2y

First, you can see that these terms are alike because they both have y’s. We simplify the
expression by subtracting the numerical part of the terms.
9 - 2 = 7
Our answer is 7y.
Sometimes you can combine like terms that have both sums and differences in the same
example.
Example

8x − 3x + 2y + 4y

We begin with the like terms.

8x − 3x = 5x

2y + 4y = 6y

Next, we put it all together.

5x + 6y

This is our answer.
Remember that you can only combine terms that are alike!!!
For further explanation, watch the video on simplifying expressions and combining like terms:

Try a few of these on your own. Simplify the expressions by combining like terms.

63 www.ck12.org

http://www.youtube.com/watch?v=vN0aL-_vIKM&amp;feature=player_embedded
http://www.ck12.org


Figure 2.4: (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/2131

1. 7z + 2z + 4z
2. 25y − 13y
3. 7x + 2x + 4a
4. 45y − 15y + 13y
5. −32m + 12m
6. −6x + 7x − 12x
7. 14a + 18b − 5a − 8b
8. −32m + 12m
9. −11t − 12t − 7t
10. 15w + 7h − 15w + 21h
11. −7x + 39x
12. 3x2 + 21x + 5x + 10x2

13. 6xy + 7y + 5x + 9xy
14. 10ab + 9 − 2ab
15. −7mn − 2mn2 − 2mn + 8
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2.4 The Distributive Property

At the end of the school year, an elementary school teacher makes a little gift bag for each of his students.
Each bag contains one class photograph, two party favors and five pieces of candy. The teacher will
distribute the bags among his 28 students. How many of each item does the teacher need?
You could begin this problem by deciding your variables.
Let p = photograph, f = f avors, and c = candy.

Next you can write an expression to represent the situation: p + 2 f + 5c.

There are 28 students in class, so the teacher needs to repeat the bag 28 times. An easier way to write
this is 28 · (p + 2 f + 5c)

We can omit the multiplication symbol and write 28(p + 2 f + 5c).
Therefore, the teacher needs 28p + 28(2 f ) + 28(5c) or 28p + 56 f + 140c.

The teacher needs 28 photographs, 56 favors, and 140 pieces of candy to complete the end of year gift bags.
When you multiply an algebraic expression by another expression, you apply the Distributive Property.
The Distributive Property: For any real expressions M, N, and K:

(N + K) = MN + MK

(N − K) = MN − MK

Example 1: Determine the value of 11(2+6) using both order of operations and the Distributive Property.
Solution: Using the order of operations: 11(2 + 6) = 11(8) = 88

Using the Distributive Property: 11(2 + 6) = 11(2) + 11(6) = 22 + 66 = 88

Regardless of the method, the answer is the same.
Example 2: Simplify 7(3x − 5)

Solution 1: Think of this expression as seven groups of (3x − 5). You could write this expression seven
times and add all the like terms. (3x−5)+(3x−5)+(3x−5)+(3x−5)+(3x−5)+(3x−5)+(3x−5) = 21x−35

Solution 2: Apply the Distributive Property. 7(3x − 5) = 7(3x) + 7(−5) = 21x − 35

Example 3: Simplify 2
7(3y2 − 11)

Solution: Apply the Distributive Property.
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2
7
(3y2 + −11) =

2
7
(3y2) +

2
7
(−11)

6y2

7
− 22

7

Identifying Expressions Involving the Distributive Property

The Distributive Property often appears in expressions, and many times it does not involve parentheses
as grouping symbols. Previously, we saw how the fraction bar acts as a grouping symbol. The following
example involves using the Distributive Property with fractions.
Example 4: Simplify 2x+4

8

Solution: Think of the denominator as: 2x+4
8 = 1

8(2x + 4)

Now apply the Distributive Property: 1
8(2x) + 1

8(4) = 2x
8 + 4

8

Simplify: x
4 + 1

2

Solve Real-World Problems Using the Distributive Property

The Distributive Property is one of the most common mathematical properties seen in everyday life. It
crops up in business and in geometry. Anytime we have two or more groups of objects, the Distributive
Property can help us solve for an unknown.
Example 5: An octagonal gazebo is to be built as shown below. Building code requires five-foot long steel
supports to be added along the base and four-foot long steel supports to be added to the roof-line of the
gazebo. What length of steel will be required to complete the project?
Solution: Each side will require two lengths, one of five and four feet respectively. There are eight sides,
so here is our equation.

Steel required = 8(4 + 5) feet.
We can use the distributive property to find the total amount of steel:
Steel required = 8 × 4 + 8 × 5 = 32 + 40 feet.
A total of 72 feet of steel is needed for this project.
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Practice Set: Distributive Property
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
same in both. CK-12 Basic Algebra: Distributive Property (5:39)

Figure 2.5: None (Watch Youtube Video)

http://www.youtube.com/v/ewEorPD4kdA?f=videosamp;c=ytapi-CK12Fo
undation-Flexrwikiimport-fg5akohk-0amp;d=AT8BNcsNZiISDLhsoSt-gq

IO88HsQjpE1a8d1GxQnGDmamp;app=youtube_gdata

Use the Distributive Property to simplify the following expressions.

1. (x + 4) − 2(x + 5)
2. 1

2(4z + 6)
3. (4 + 5) − (5 + 2)
4. (x + 2 + 7)
5. 0.25(6q + 32)
6. y(x + 7)
7. −4.2(h − 11)
8. 13x(3y + z)
9. 1

2(x − y) − 4
10. 0.6(0.2x + 0.7)
11. (2 − j)(−6)
12. (r + 3)(−5)
13. 6 + (x − 5) + 7
14. 6 − (x − 5) + 7
15. 4(m + 7) − 6(4 − m)
16. −5(y − 11) + 2y

Use the Distributive Property to simplify the following fractions.

17. 8x+12
4

18. 9x+12
3

19. 11x+12
2
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20. 3y+2
6

21. −6z−2
3

22. 7−6p
3

In 23 – 25, write an expression for each phrase.

23. 2
3 times the quantity of n plus 16

24. Twice the quantity of m minus 3
25. −4x times the quantity of x plus 2
26. A bookshelf has five shelves, and each shelf contains seven poetry books and eleven novels. How

many of each type of book does the bookcase contain?
27. Use the Distributive Property to show how to simplify 6(19.99) in your head.
28. A student rewrote 4(9x + 10) as 36x + 10. Explain the student’s error.
29. Use the Distributive Property to simplify 9(5998) in your head.
30. Amar is making giant holiday cookies for his friends at school. He makes each cookie with 6 oz

of cookie dough and decorates them with macadamia nuts. If Amar has 5 lbs of cookie dough
(1 lb = 16 oz) and 60 macadamia nuts, calculate the following.
(a) How many (full) cookies can he make?
(b) How many macadamia nuts can he put on each cookie, if each is supposed to be identical?
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2.5 Exponential Properties Involving Products
Exponential functions occur in daily situations; money in a bank account, population growth, the decay
of carbon-14 in living organisms, and even a bouncing ball. Exponential equations involve exponents, or
the concept of repeated multiplication. This chapter focuses on combining expressions using the properties
of exponents.

In this lesson you will be learning what an exponent is and about
the properties and rules of exponents. You will also learn how to
use exponents in problem solving.
Definition: An exponent is a power of a number which shows how many times that number is multiplied
by itself.
An example would be 23. You would multiply 2 by itself 3 times, 2× 2× 2. The number 2 is the base and
the number 3 is the exponent. The value 23 is called the power.
Example 1: Write in exponential form: a · a · a · a
Solution: You must count the number of times the base, a is being multiplied by itself. It’s being
multiplied 4 times so the solution is a4

Note: There are specific rules you must remember when taking powers of negative numbers.

(negative number) × (positive number) = negative number

(negative number) × (negative number) = positive number

For even powers of negative numbers, the answer will always be positive. Pairs can be made with each
number and the negatives will be cancelled out.

(−2)4 = (−2)(−2)(−2)(−2) = (−2)(−2) · (−2)(−2) = +16

For odd powers of negative numbers, the answer is always negative. Paris can be made but there will
still be one negative number unpaired making the answer negative.

(−2)5 = (−2)(−2)(−2)(−2)(−2) = (−2)(−2) · (−2)(−2) · (−2) = −32

When we multiply the same numbers, each with different powers, it is easier to combine them before
solving. This is why we use the Product of Powers Property.
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Product of Powers Property: for all real numbers x, xn · xm = xn+m

Example 2: Multiply x4 · x5

Solution: x4 · x5 = x4+5 = x9

Note that when you use the product rule you DO NOT MULTIPLY BASES.
Example: 22 · 23 , 45

Another note is that this rule ONLY APPLIES TO TERMS THAT HAVE THE SAME BASE.
Example: 22 · 33 , 65

(x4)3 = x4 · x4 · x4 3 factors of x to the power 4.
(x · x · x · x︸       ︷︷       ︸

x4

) · (x · x · x · x︸       ︷︷       ︸
x4

) · (x · x · x · x︸       ︷︷       ︸
x4

) = (x · x · x · x · x · x · x · x · x · x · x · x)︸                                         ︷︷                                         ︸
x12

This situation is summarized below.
Power of a Product Property: for all real numbers x,

(xn)m = xn·m

The Power of a Product Property is similar to the Distributive Property. Everything inside the parentheses
must be taken to the power outside. For example, (x2y)4 = (x2)4 · (y)4 = x8y4. Watch how it works the
long way.

(x · x · y)︸    ︷︷    ︸
x2y

· (x · x · y)︸    ︷︷    ︸
x2y

· (x · x · y)︸    ︷︷    ︸
x2y

· (x · x · y)︸    ︷︷    ︸
x2y

= (x · x · x · x · x · x · x · x · y · y · y · y)︸                                         ︷︷                                         ︸
x8y4

The Power of a Product Property does not work if you have a sum or difference inside the parenthesis. For
example, (x + y)2 , x2 + y2. Because it is an addition equation, it should look like (x + y)(x + y).
Example 3: Simplify (x2)3

Solution: (x2)3 = x2·3 = x6

Practice Set: Exponents Involving Products
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
same in both. Exponent Properties Involving Products (14:00)

1. Consider a5.

a. What is the base?
b. What is the exponent?
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Figure 2.6: Exponent Properties Involving Products (Watch Youtube Video)

http://www.youtube.com/v/zM_p7tfWvLU?f=videosamp;c=ytapi-CK12Fo
undation-Flexrwikiimport-fg5akohk-0amp;d=AT8BNcsNZiISDLhsoSt-gq

IO88HsQjpE1a8d1GxQnGDmamp;app=youtube_gdata

c. What is the power?
d. How can this power be written using repeated multiplication?
Determine whether the answer will be positive or negative. You do not have to provide the answer.

2. −(34)
3. −82

4. 10 × (−4)3

5. What is the difference between −52 and (−5)2? Enter both of these expressions, exactly as they
appear, in your calculator. Why does the calculator give you different answers for each expression?

Write in exponential notation.

6. 2 · 2
7. (−3)(−3)(−3)
8. y · y · y · y · y
9. (3a)(3a)(3a)(3a)
10. 4 · 4 · 4 · 4 · 4
11. 3x · 3x · 3x
12. (−2a)(−2a)(−2a)(−2a)
13. 6 · 6 · 6 · x · x · y · y · y · y

Find each number:

14. 110

15. 03

16. 73

17. −62

18. 54

19. 34 · 37

20. 26 · 2
21. (42)3

22. (−2)6

23. (0.1)5

24. (−0.6)3
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Multiply and simplify.

25. 63 · 66

26. 22 · 24 · 26

27. 32 · 43

28. x2 · x4

29. x2 · x7

30. (y3)5

31. (−2y4)(−3y)
32. (4a2)(−3a)(−5a4)

Simplify.

33. (a3)4

34. (xy)2

35. (3a2b3)4

36. (−2xy4z2)5

37. (3x2y3) · (4xy2)
38. (4xyz) · (x2y3) · (2yz4)
39. (2a3b3)2

40. (−8x)3(5x)2

41. (4a2)(−2a3)4

42. (12xy)(12xy)2

43. (2xy2)(−x2y)2(3x2y2)
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2.6 Exponential Properties Involving Quotients
In this lesson you will learn how to simplify quotients of numbers and variables.
Quotient of Powers Property: for all real numbers x, xn

xm = xn−m

When dividing expressions with the same base, keep the base and subtract the exponent in the denominator
(bottom) from the exponent in the numerator (top). When we have problems with different bases, we apply
the rule separately for each base. To simplify x7

x4 , repeated multiplication can be used.

x7

x4
= �x · �x · �x · �x · x · x · x

�x · �x · �x · �x
=

x · x · x
1

= x3

x5y3

x3y2
= �x · �x · �x · x · x

�x · �x · �x
· �y · �y · y

�y · �y
=

x · x
1
· y
1

= x2y OR x5y3

x3y2
= x5−3 · y3−2 = x2y

Example 1: Simplify each of the following expressions using the quotient rule.
(a) x10

x5

(b) x5γ4

x3γ2

Solution:
(a) x10

x5 = χ10−5 = χ5

(b) x5y4

x3y2 = x5−3 · y4−2 = x2y2

Power of a Quotient Property:
(

xn

ym

)p
= xn·p

ym·p

The power inside the parenthesis for the numerator and the denominator multiplies with the power outside
the parenthesis. The situation below shows why this property is true.(

x3

y2

)4
=

(
x3

y2

)
·
(

x3

y2

)
·
(

x3

y2

)
·
(

x3

y2

)
=

(x · x · x) · (x · x · x) · (x · x · x) · (x · x · x)
(y · y) · (y · y) · (y · y) · (y · y) =

x12

y8

Example 2: Simplify the following expression. (
x10

y5

)3

Solution:
(

x10
y5

)3
= x10·3

y5·3 = x30
y15

Practice Set: Exponents Involving Quotients
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
same in both. Exponent Properties Involving Quotients (9:22)

Evaluate the following expressions.
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Figure 2.7: Exponent Properties Involving Quotients (Watch Youtube Video)

http://www.youtube.com/v/AR1uqNbjM5s?f=videosamp;c=ytapi-CK12Fo
undation-Flexrwikiimport-fg5akohk-0amp;d=AT8BNcsNZiISDLhsoSt-gq

IO88HsQjpE1a8d1GxQnGDmamp;app=youtube_gdata

1. 56

52

2. 67

63

3. 310

34

4.
(
22

33

)3
Simplify the following expressions.

5. a3

a2

6. x9
x5

7. x10
x5

8. a6

a

9. a5b4

a3b2

10. 45

42

11. 53

57

12.
(
34

52

)2
13.

(
a3b4

a2b

)3
14. x6y5

x2y3

15. 6x2y3

2xy2

16.
(
2a3b3

8a7b

)2
17. (x2)2 · x6

x4

18.
(
16a2

4b5

)3
· b2

a16

19. 6a3

2a2

20. 15x5
5x

21.
(
18a10

15a4

)4
22. 25yx6

20y5x2

23.
(

x6y2

x4y4

)3
24.

(
6a2

4b4

)2
· 5b

3a

25. (3ab)2(4a3b4)3

(6a2b)4
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26. (2a2bc2)(6abc3)

4ab2c
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2.7 Exponential Properties Involving Zero and
Negative Exponents

In the previous lessons we have dealt with powers that are positive whole numbers. In this lesson, you will
learn how to solve expressions when the exponent is zero, negative, or a fractional number.
Exponents of Zero: for all real numbers of x, x , 0, x0 = 1

Example: x4
x4 = x4−4 = x0 = 1. This example is simplified using the Quotient of Powers Property.

Simplifying Expressions with Negative Exponents
The next objective is negative exponents. When we use the quotient rule and we subtract a greater
number from a smaller number, the answer will become negative. The variable and the power will be
moved to the denominator of a fraction. You will learn how to write this in an expression.
Example: x4

x6 = x4−6 = x−2 = 1
x2 . Another way to look at this is

χ·χ·χ·χ
χ·χ·χ·χ·χ·χ . The four x’s on top will cancel

out with four x’s on bottom. This will leave 2 x’s remaining on the bottom which makes your answer look
like 1

x2 .

Negative Power rule for Exponents: 1
xn = x−n where χ , 0

Example: x−6y−2 = 1
x6 ·

1
y2 = 1

x6y2 . The negative power rule for exponents is applied to both variables
separately in this example.
Multimedia Link: For more help with these types of exponents, watch this http://tinyurl.com/7n3ae2l.
Example 1: Write the following expressions without fractions.
(a) 2

x2

(b) x2
y3

Solution:
(a) 2

x2 = 2x−2

(b) x2
y3 = x2y−3

Notice example 1a, the number 2 is in the numerator. This number is multiplied to x−2. It could also look
like this, 2 · 1

x2 to be better understood.
It is important when evaluating expressions you remember the order of operations. Evaluate what is inside
the expressions, then evaluate the exponents, then perform multiplication/division from left to right, then
perform addition/subtraction from left to right.
Example 3: Evaluate the following expression
(a) 3 · 52 − 10 · 5 + 1

Solution: 3 · 52 − 10 · 5 + 1 = 3 · 25 − 10 · 5 + 1 = 75 − 50 + 1 = 26

Practice Set
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
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same in both. Zero and Negative Exponents (14:04)

Figure 2.8: Zero, Negative, and Fractional Exponents (Watch Youtube Video)

http://www.youtube.com/v/tOuCdKqO6-s?f=videosamp;c=ytapi-CK12Fo
undation-Flexrwikiimport-fg5akohk-0amp;d=AT8BNcsNZiISDLhsoSt-gq

IO88HsQjpE1a8d1GxQnGDmamp;app=youtube_gdata

Simplify the following expressions. Be sure the final answer includes only positive exponents.

1. x−1 · y2

2. x−4

3. x−3
x−7

4. 1
x

5. 2
x2

6. x2
y3

7. 3
xy

8. 3x−3

9. a2b−3c−1

10. 4x−1y3

11. 2x−2
y−3

12. x−3y−5

z−7

13.
(

a
b

)−2
14. (3a−2b2c3)3

15. x−3 · x3

Simplify the following expressions without any fractions in the answer.

21. a−3(a5)

a−6

22. 5x6y2

x8y

23. (4ab6)3

(ab)5

24. 4a2b3

2a5b

25.
(

x
3y2

)3 · x2y
4

26.
(

ab−2
b3

)2
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27. x−3y2

x2y−2

28. (3x3)(4x4)

(2y)2

29. a−2b−3
c−1

Evaluate the following expressions to a single number.

33. 3−2

34. (6.2)0

35. 8−4 · 86

36. 50

37. 72

38.
(
2
3

)3
39. 3−3

Evaluate the following expressions for x = 2, y = −1, z = 3.

43. 2x2 − 3y3 + 4z
44. (x2 − y2)2

45.
(
3x2y5

4z

)−2
46. x24x3y44y2 if x = 2 and y = −1
47. a4(b2)3 + 2ab if a = −2 and b = 1
48. 5x2 − 2y3 + 3z if x = 3, y = 2, and z = 4
49.

(
a2

b3

)−2
if a = 5 and b = 3

50. 3 · 55 − 10 · 5 + 1
51. 2·42−3·52

32

52.
(
33

22

)−2
· 3

4
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2.8 Multiplying Two Polynomials
Let’s start by multiplying two binomials together. A binomial is a polynomial with two terms, so a product
of two binomials will take the form (a + b)(c + d).
We can still use the Distributive Property here if we do it cleverly. First, let’s think of the first set of
parentheses as one term. The Distributive Property says that we can multiply that term by c, multiply it
by d, and then add those two products together: (a + b)(c + d) = (a + b) · c + (a + b) · d.
We can rewrite this expression as c(a + b) + d(a + b). Now let’s look at each half separately. We can apply
the distributive property again to each set of parentheses in turn, and that gives us c(a + b) + d(a + b) =
ca + cb + da + db.
What you should notice is that when multiplying any two polynomials, every term in one polynomial is
multiplied by every term in the other polynomial.
Example 1
Multiply and simplify: (2x + 1)(x + 3)

Solution
We must multiply each term in the first polynomial by each term in the second polynomial. Let’s try to
be systematic to make sure that we get all the products.
First, multiply the first term in the first set of parentheses by all the terms in the second set of parentheses.

Figure 2.9

Now we’re done with the first term. Next we multiply the second term in the first parenthesis by all terms
in the second parenthesis and add them to the previous terms.

Figure 2.10

Now we’re done with the multiplication and we can simplify:
(2x)(x) + (2x)(3) + (1)(x) + (1)(3) = 2x2 + 6x + x + 3 = 2x2 + 7x + 3

This way of multiplying polynomials is called in-line multiplication or horizontal multiplication. Another
method for multiplying polynomials is to use vertical multiplication, similar to the vertical multiplication
you learned with regular numbers.
Example 2
Multiply and simplify:
a) (4x − 5)(x − 20)

b) (3x − 2)(3x + 2)

c) (3x2 + 2x − 5)(2x − 3)

d) (x2 − 9)(4x4 + 5x2 − 2)

Solution
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a) With horizontal multiplication this would be

(4x − 5)(x − 20) = (4x)(x) + (4x)(−20) + (−5)(x) + (−5)(−20) = 4x2 − 80x − 5x + 100 = 4x2 − 85x + 100

To do vertical multiplication instead, we arrange the polynomials on top of each other with like terms in
the same columns:

4x − 5
x − 20

− 80x + 100

4x2 − 5x

4x2 − 85x + 100

Both techniques result in the same answer: 4x2 − 85x + 100. We’ll use vertical multiplication for the other
problems.
b) 3x − 2

3x + 2
6x − 4

9x2 − 6x

9x2 + 0x − 4

The answer is 9x2 − 4.
c) It’s better to place the smaller polynomial on the bottom:

3x2 + 2x − 5
2x − 3

− 9x2 − 6x + 15

6x3 + 4x2 − 10x

6x3 − 5x2 − 16x + 15

The answer is 6x3 − 5x2 − 16x + 15.
d) Set up the multiplication vertically and leave gaps for missing powers of x:

4x4 + 5x2 − 2

x2 − 9

− 36x4 − 45x2 + 18

4x6 + 5x4 − 2x2

4x6 − 31x4 − 47x2 + 18

The answer is 4x6 − 31x4 − 47x2 + 18.
For additional explanation, watch the video on multiplying two binomials.
property.
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Figure 2.11: (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/3560

Solve Real-World Problems Using Multiplication of Polynomials
In this section, we’ll see how multiplication of polynomials is applied to finding the areas and volumes of
geometric shapes.
Example 3
Find the areas of the following figures:
a)

b)

Find the volumes of the following figures:
c)

d)
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Solution
a) We use the formula for the area of a rectangle: Area = length × width.
For the big rectangle:

Length = b + 3, Width = b + 2
Area = (b + 3)(b + 2)

= b2 + 2b + 3b + 6

= b2 + 5b + 6

b) We could add up the areas of the blue and orange rectangles, but it’s easier to just find the area of the
whole big rectangle and subtract the area of the yellow rectangle.

Areao f bigrectangle = 20(12) = 240
Area of yellow rectangle = (12 − x)(20 − 2x)

= 240 − 24x − 20x + 2x2

= 240 − 44x + 2x2

= 2x2 − 44x + 240

The desired area is the difference between the two:

Area = 240 − (2x2 − 44x + 240)

= 240 + (−2x2 + 44x − 240)

= 240 − 2x2 + 44x − 240

= −2x2 + 44x

c) The volume of this shape = (area of the base)(height).

Areao f thebase = x(x + 2)

= x2 + 2x

Height = 2x + 1

Volume = (x2 + 2x)(2x + 1)

= 2x3 + x2 + 4x2 + 2x

= 2x3 + 5x2 + 2x

d) The volume of this shape = (area of the base)(height).

Areao f thebase = (4a − 3)(2a + 1)

= 8a2 + 4a − 6a − 3

= 8a2 − 2a − 3
Height = a + 4

Volume = (8a2 − 2a − 3)(a + 4)
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Let’s multiply using the vertical method:

8a2 − 2a − 3
a + 4

32a2 − 8a − 12

8a3 − 2a2 − 3a

8a3 + 30a2 − 11a − 12

The volume is 8a3 + 30a2 − 11a − 12.
Multiply the following monomials.

1. (2x)(−7x)
2. (10x)(3xy)
3. (4mn)(0.5nm2)
4. (−5a2b)(−12a3b3)
5. (3xy2z2)(15x2yz3)

Multiply and simplify.

6. 17(8x − 10)
7. 2x(4x − 5)
8. 9x3(3x2 − 2x + 7)
9. 3x(2y2 + y − 5)
10. 10q(3q2r + 5r)
11. −3a2b(9a2 − 4b2)
12. (x − 3)(x + 2)
13. (a + b)(a − 5)
14. (x + 2)(x2 − 3)
15. (a2 + 2)(3a2 − 4)
16. (7x − 2)(9x − 5)
17. (2x − 1)(2x2 − x + 3)
18. (3x + 2)(9x2 − 6x + 4)
19. (a2 + 2a − 3)(a2 − 3a + 4)
20. 3(x − 5)(2x + 7)
21. 5x(x + 4)(2x − 3)

Find the areas of the following figures.

22.

23.
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Find the volumes of the following figures.

24.

25.
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2.9 Special Products of Polynomials
Learning Objectives
• Find the square of a binomial
• Find the product of binomials using sum and difference formula
• Solve problems using special products of polynomials

Introduction
We saw that when we multiply two binomials we need to make sure to multiply each term in the first
binomial with each term in the second binomial. Let’s look at another example.
Multiply two linear binomials (binomials whose degree is 1):

(2x + 3)(x + 4)

When we multiply, we obtain a quadratic polynomial (one with degree 2) with four terms:

2x2 + 8x + 3x + 12

The middle terms are like terms and we can combine them. We simplify and get 2x2 + 11x + 12. This is a
quadratic, or second-degree, trinomial (polynomial with three terms).
You can see that every time we multiply two linear binomials with one variable, we will obtain a quadratic
polynomial. In this section we’ll talk about some special products of binomials.

Find the Square of a Binomial
One special binomial product is the square of a binomial. Consider the product (x + 4)(x + 4).
Since we are multiplying the same expression by itself, that means we are squaring the expression. (x +
4)(x + 4) is the same as (x + 4)2.
When we multiply it out, we get x2 + 4x + 4x + 16, which simplifies to x2 + 8x + 16.
Notice that the two middle terms—the ones we added together to get 8x—were the same. Is this a
coincidence? In order to find that out, let’s square a general linear binomial.

(a + b)2 = (a + b)(a + b) = a2 + ab + ab + b2

= a2 + 2ab + b2

Sure enough, the middle terms are the same. How about if the expression we square is a difference instead
of a sum?

(a − b)2 = (a − b)(a − b) = a2 − ab − ab + b2

= a2 − 2ab + b2

It looks like the middle two terms are the same in general whenever we square a binomial. The general
pattern is: to square a binomial, take the square of the first term, add or subtract twice the product of the
terms, and add the square of the second term. You should remember these formulas:
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(a + b)2 = a2 + 2ab + b2

and
(a − b)2 = a2 − 2ab + b2

Remember! Raising a polynomial to a power means that we multiply the polynomial by itself however
many times the exponent indicates. For instance, (a + b)2 = (a + b)(a + b). Don’t make the common
mistake of thinking that (a + b)2 = a2 + b2! To see why that’s not true, try substituting numbers for
a and b into the equation (for example, a = 4 and b = 3), and you will see that it is not a true statement.
The middle term, 2ab, is needed to make the equation work.
We can apply the formulas for squaring binomials to any number of problems.
Example 1
Square each binomial and simplify.
a) (x + 10)2

b) (2x − 3)2

c) (x2 + 4)2

d) (5x − 2y)2

Solution
Let’s use the square of a binomial formula to multiply each expression.
a) (x + 10)2

If we let a = x and b = 10, then our formula (a+b)2 = a2+2ab+b2 becomes (x+10)2 = x2+2(x)(10)+102,
which simplifies to x2 + 20x + 100.
b) (2x − 3)2

If we let a = 2x and b = 3, then our formula (a−b)2 = a2−2ab+b2 becomes (2x−3)2 = (2x2)−2(2x)(3)+(3)2,
which simplifies to 4x2 − 12x + 9.
c) (x2 + 4)2

If we let a = x2 and b = 4, then

(x2 + 4)2 = (x2)2 + 2(x2)(4) + (4)2

= x4 + 8x2 + 16

d) (5x − 2y)2

If we let a = 5x and b = 2y, then

(5x − 2y)2 = (5x)2 − 2(5x)(2y) + (2y)2

= 25x2 − 20xy + 4y2

Find the Product of Binomials Using Sum and Difference Pat-
terns
Another special binomial product is the product of a sum and a difference of terms. For example, let’s
multiply the following binomials.
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(x + 4)(x − 4) = x2 − 4x + 4x − 16

= x2 − 16

Notice that the middle terms are opposites of each other, so they cancel out when we collect like terms.
This is not a coincidence. This always happens when we multiply a sum and difference of the same terms.
In general,

(a + b)(a − b) = a2 − ab + ab − b2

= a2 − b2

When multiplying a sum and difference of the same two terms, the middle terms cancel out. We get the
square of the first term minus the square of the second term. You should remember this formula.
Sum and Difference Formula: (a + b)(a − b) = a2 − b2

Let’s apply this formula to a few examples.
Example 2
Multiply the following binomials and simplify.
a) (x + 3)(x − 3)

b) (5x + 9)(5x − 9)

c) (2x3 + 7)(2x3 − 7)

d) (4x + 5y)(4x − 5y)

Solution
a) Let a = x and b = 3, then:

(a + b)(a − b) = a2 − b2

(x + 3)(x − 3) = x2 − 32

= x2 − 9

b) Let a = 5x and b = 9, then:

(a + b)(a − b) = a2 − b2

(5x + 9)(5x − 9) = (5x)2 − 92

= 25x2 − 81

c) Let a = 2x3 and b = 7, then:

(2x3 + 7)(2x3 − 7) = (2x3)2 − (7)2

= 4x6 − 49

d) Let a = 4x and b = 5y, then:

(4x + 5y)(4x − 5y) = (4x)2 − (5y)2

= 16x2 − 25y2
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Figure 2.12: (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/3562

For additional explanation, watch the video on special products of polynomials.

Solve Real-World Problems Using Special Products of Polynomi-
als
Now let’s see how special products of polynomials apply to geometry problems and to mental arithmetic.
Example 3
Find the area of the following square:

Solution
The length of each side is (a + b), so the area is (a + b)(a + b).
Notice that this gives a visual explanation of the square of a binomial. The blue square has area a2, the
red square has area b2, and each rectangle has area ab, so added all together, the area (a + b)(a + b) is
equal to a2 + 2ab + b2.
The next example shows how you can use the special products to do fast mental calculations.
Example 4
Use the difference of squares and the binomial square formulas to find the products of the following numbers
without using a calculator.
a) 43 × 57

b) 112 × 88

c) 452
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d) 481 × 319

Solution
The key to these mental ‘‘tricks” is to rewrite each number as a sum or difference of numbers you know
how to square easily.
a) Rewrite 43 as (50 − 7) and 57 as (50 + 7).
Then 43 × 57 = (50 − 7)(50 + 7) = (50)2 − (7)2 = 2500 − 49 = 2451

b) Rewrite 112 as (100 + 12) and 88 as (100 − 12).
Then 112 × 88 = (100 + 12)(100 − 12) = (100)2 − (12)2 = 10000 − 144 = 9856

c) 452 = (40 + 5)2 = (40)2 + 2(40)(5) + (5)2 = 1600 + 400 + 25 = 2025

d) Rewrite 481 as (400 + 81) and 319 as (400 − 81).
Then 481 × 319 = (400 + 81)(400 − 81) = (400)2 − (81)2

(400)2 is easy - it equals 160000.
(81)2 is not easy to do mentally, so let’s rewrite 81 as 80 + 1.
(81)2 = (80 + 1)2 = (80)2 + 2(80)(1) + (1)2 = 6400 + 160 + 1 = 6561

Then 481 × 319 = (400)2 − (81)2 = 160000 − 6561 = 153439

Review Questions
Use the special product rule for squaring binomials to multiply these expressions.

1. (x + 9)2

2. (3x − 7)2

3. (5x − y)2

4. (2x3 − 3)2

5. (4x2 + y2)2

6. (8x − 3)2

7. (2x + 5)(5 + 2x)
8. (xy − y)2

Use the special product of a sum and difference to multiply these expressions.

9. (2x − 1)(2x + 1)
10. (x − 12)(x + 12)
11. (5a − 2b)(5a + 2b)
12. (ab − 1)(ab + 1)
13. (z2 + y)(z2 − y)
14. (2q3 + r2)(2q3 − r2)
15. (7s − t)(t + 7s)
16. (x2y + xy2)(x2y − xy2)

Find the area of the lower right square in the following figure.
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17.

Multiply the following numbers using special products.

9. 45 × 55
10. 562

11. 1002 × 998
12. 36 × 44
13. 10.5 × 9.5
14. 100.2 × 9.8
15. −95 × −105
16. 2 × −2
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2.10 Division of Polynomials
Learning Objectives
• Divide a polynomial by a monomial.
• Divide a polynomial by a binomial.
• Rewrite and graph rational functions.

Introduction
A rational expression is formed by taking the quotient of two polynomials.
Some examples of rational expressions are

x2 − x
x

4x2 − 3x + 4
2x

Just as with rational numbers, the expression on the top is called the numerator and the expression on
the bottom is called the denominator. In special cases we can simplify a rational expression by dividing
the numerator by the denominator.

Divide a Polynomial by a Monomial
We’ll start by dividing a polynomial by a monomial. To do this, we divide each term of the polynomial by
the monomial. When the numerator has more than one term, the monomial on the bottom of the fraction
serves as the common denominator to all the terms in the numerator.
Example 1
Divide.
a) 8x2−4x+16

2

b) 3x2+6x−1
x

c) −3x2−18x+6
9x

Solution
a) 8x2−4x+16

2 = 8x2
2 −

4x
2 + 16

2 = 4x2 − 2x + 8

b) 3x3+6x−1
x = 3x3

x + 6x
x −

1
x = 3x2 + 6 − 1

x

c) −3x2−18x+6
9x = −3x2

9x −
18x
9x + 6

9x = − x
3 − 2 + 2

3x

A common error is to cancel the denominator with just one term in the numerator.
Consider the quotient 3x+4

4 .
Remember that the denominator of 4 is common to both the terms in the numerator. In other words we
are dividing both of the terms in the numerator by the number 4.
The correct way to simplify is:

3x + 4
4

=
3x
4

+
4
4

=
3x
4

+ 1

A common mistake is to cross out the number 4 from the numerator and the denominator, leaving just 3x.
This is incorrect, because the entire numerator needs to be divided by 4.
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Example 2
Divide 5x3−10x2+x−25

−5x2 .
Solution

5x3 − 10x2 + x − 25
−5x2

=
5x3

−5x2
− 10x2

−5x2
+

x
−5x2

− 25
−5x2

The negative sign in the denominator changes all the signs of the fractions:

−5x3

5x2
+

10x2

5x2
− x

5x2
+

25
5x2

= −x + 2 − 1
5x

+
5
x2

Simplify the expression:
18x3 − 3x2 + 6x − 4

6x

Watch the video explanation to see this example worked out.

Figure 2.13: (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/3556

Divide the following polynomials:

1. 2x+4
2

2. x−4
x

3. 5x−35
5x

4. x2+2x−5
x

5. 4x2+12x−36
−4x

6. 2x2+10x+7
2x2

7. x3−x
−2x2

8. 5x4−9
3x

9. x3−12x2+3x−4
12x2

10. 3−6x+x3
−9x3

11. x2−6x−12
5x4
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2.11 Evaluating Algebraic Expressions
The Mystery of Math Verbs
Some math verbs are ‘‘stronger” than others and must be done first. This method is known as the order
of operations.
A mnemonic (a saying that helps you remember something difficult) for the order of operations is
PEMDAS - Please Excuse My Dare Aunt Sally.
The Order of Operations:
Whatever is found inside PARENTHESES must be done first. EXPONENTS are to be simplified
next. MULTIPLICATION and DIVISION are equally important and must be performed moving left
to right. ADDITION and SUBTRACTION are also equally important and must be performed moving
left to right.

Evaluating Algebraic Expressions with Fraction Bars
Fraction bars count as grouping symbols for PEMDAS, and should be treated as a set of parentheses.
All numerators and all denominators can be treated as if they have invisible parentheses. When real
parentheses are also present, remember that the innermost grouping symbols should be evaluated first. If,
for example, parentheses appear on a numerator, they would take precedence over the fraction bar. If the
parentheses appear outside of the fraction, then the fraction bar takes precedence.
Example 4: Use the order of operations to simplify the following expressions.
a) z+3

4 − 1 when z = 2

b)
(

a+2
b+4 − 1

)
+ b when a = 3 and b = 1

c) 2 ×
(

w+(x−2z)
(y+2)2

− 1
)
when w = 11, x = 3, y = 1 and z = −2

Solutions: Begin each expression by substituting the appropriate value for the variable:

a) (2+3)
4 − 1 = 5

4 − 1. Rewriting 1 as a fraction, the expression becomes:

5
4
− 4

4
=

1
4

b) (3+2)
(1+4)

= 5
5 = 1

c) 2
(
[11+(3−2(−2))]

[(1+2)2)]
− 1

)
= 2

(
(11+7)

32 − 1
)
= 2

(
18
9 − 1

)
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Continue simplifying: 2
(
18
9 −

9
9

)
= 2

(
9
9

)
= 2(1) = 2

Using a Calculator to Evaluate Algebraic Expressions
A calculator, especially a graphing calculator, is a very useful tool in evaluating algebraic expressions. The
graphing calculator follows the order of operations, PEMDAS. In this section we will explain two ways of
evaluating expressions with the graphing calculator.
Method #1: This method is the direct input method. After substituting all values for the variables, you
type in the expression, symbol for symbol, into your calculator.
Evaluate [3(x2 − 1)2 − x4 + 12] + 5x3 − 1 when x = −3.

Substitute the value x = −3 into the expression.

[3((−3)2 − 1)2 − (−3)4 + 12] + 5(−3)3 − 1

The potential error here is that you may forget a sign or a set of parentheses, especially if the expression
is long or complicated. Make sure you check your input before writing your answer. An alternative is to
type the expression in by appropriate chunks – do one set of parentheses then another and so on.
Method #2: This method uses the STORE function of the Texas Instrument graphing calculators, such
as the TI-83, TI-84, or TI-84 Plus.
First, store the value x = −3 in the calculator. Type -3 [STO] x. (The letter x can be entered using
the x-[VAR] button or [ALPHA] + [STO]). Then type in the expression in the calculator and press
[ENTER].

The answer is -13.
Note: On graphing calculators there is a difference between the minus sign and the negative sign. When
we stored the value negative three, we needed to use the negative sign which is to the left of the [ENTER]
button on the calculator. On the other hand, to perform the subtraction operation in the expression we
used the minus sign. The minus sign is right above the plus sign on the right.
You can also use a graphing calculator to evaluate expressions with more than one variable.

Evaluate the expression: 3x2−4y2+x4

(x+y)
1
2

for x = −2, y = 1.
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Store the values of x and y. -2 [STO] x, 1 [STO] y. The letters x and y can be entered using [ALPHA] +
[KEY]. Input the expression in the calculator. When an expression shows the division of two expressions
be sure to use parentheses: (numerator) ÷ (denominator). Press [ENTER] to obtain the answer −.88̄ or
−8

9 .

Practice Set: Order of Operations
Sample explanations for some of the practice exercises below are available by viewing the following video.
Note that there is not always a match between the number of the practice exercise in the video and the
number of the practice exercise listed in the following exercise set. However, the practice exercise is the
same in both. CK-12 Basic Algebra: Order of Operations (14:23)

Figure 2.14: Order of Operations (Watch Youtube Video)
http://www.ck12.org/flexbook/embed/view/708

Evaluate the following expressions involving variables.

9. jk
j+k when j = 6 and k = 12.

10. 2y2 when x = 1 and y = 5
11. 3x2 + 2x + 1 when x = 5
12. (y2 − x)2 when x = 2 and y = 1

Evaluate the following expressions involving variables.

13. 4x
9x2−3x+1

when x = 2

14. z2
x+y + x2

x−y when x = 1, y = −2, and z = 4.
15. 4xyz

y2−x2 when x = 3, y = 2, and z = 5

16. x2−z2
xz−2x(z−x) when x = −1 and z = 3
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The formula to find the volume of a square pyramid is V = s2(h)
3 . Evaluate the volume for the given values.

17. s = 4 inches, h = 18 inches
18. s = 10 f eet, h = 50 f eet
19. h = 7 meters, s = 12 meters
20. h = 27 f eet, s = 13 f eet
21. s = 16 cm, h = 90 cm

In 26 – 29, evaluate each expression using a graphing calculator.

26. x2 + 2x − xy when x = 250 and y = −120
27. (xy − y4)2 when x = 0.02 and y = −0.025
28. x+y−z

xy+yz+xz when x = 1
2 , y = 3

2 , and z = −1
29. (x+y)2

4x2−y2 when x = 3 and y = −5d

30. The formula to find the volume of a spherical object (like a ball) is V = 4
3(π)r3, where r = theradius

of the sphere. Determine the volume for a grapefruit with a radius 9 cm.
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